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Abstract
Control operators, such as exceptions and effect handlers, provide a means of representing computational
effects in programs abstractly and modularly. While most theoretical studies have focused on multi-shot
control operators, one-shot control operators—which restrict the use of captured continuations to at most
once—are gaining attention for their balance between expressiveness and efficiency. This study aims to
fill the gap. We present a mathematically rigorous comparison of the expressive power among one-shot
control operators, including effect handlers, delimited continuations, and even asymmetric coroutines.
Following previous studies on multi-shot control operators, we adopt Felleisen’s macro-expressiveness
as our measure of expressiveness. We verify the folklore that one-shot effect handlers and one-shot
delimited-control operators can be macro-expressed by asymmetric coroutines, but not vice versa. We
explain why a previous informal argument fails, and how to revise it to make a valid macro-translation.

1 Introduction

Control operators are powerful tools for representing computational effects. Exceptions and
coroutines are classic control operators, implemented in many languages. Delimited-control
operators (e.g., shift/reset) have been extensively studied in the literature. The last decade has
seen growing interest in effect handlers, which support modular abstraction of computational
effects [25, 26].

This paper studies the theoretical foundation of one-shot variants of control operators,
where captured continuations are restricted to at most one use. While most studies on control
operators have focused on unrestricted (i.e., multi-shot) control operators,' one-shot variants
have been recently gaining attention. There are several reasons to consider one-shot variants:
First, they can be implemented more efficiently than multi-shot ones, as they avoid stack
copying [3]. Second, they may alleviate the verification burden by reducing the complexity
of reasoning about sensitive resources [6]. Third, one-shotness is key to relating control
operators based on continuations to classic ones found in many dynamic languages. For
instance, a recent example in the former category is the one-shot effect handlers of OCaml

! A notable exception is Berdine et al., who proposed linearly-used continuations [2].
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Version 5.x,” while the latter category includes coroutines and the yield operator, both of
which are intrinsically one-shot.’

Despite these advantages, few authors have studied the theoretical foundation of one-shot
control operators. Indeed, it was folklore that results for multi-shot control operators carry
over easily to their one-shot counterparts; however, this is not the case. Since one-shotness is
a dynamic property, a formal calculus for one-shot control operators should track the validity
of each continuation, complicating both the semantics and precise reasoning about them.
Among the few authors, de Moura and Ierusalimschy demonstrated a connection between
one-shot delimited-control operators and coroutines [5]. However, this correspondence relies
heavily on mutable state that can store higher-order functions, which, in our view, obscures
the raw expressive power of these control operators.

We note that comparing the expressiveness of control operators is surprisingly difficult. For
the case of one-shot control operators, the expressiveness results in the literature often lacked
correctness proofs (e.g., [17]), or were incorrect. In this paper, we explain why a simple and
seemingly correct translation from delimited-control operators to coroutines fails to preserve
semantics.

This paper studies the expressive power of three one-shot control facilities: one-shot
effect handlers, one-shot delimited-control operators, and coroutines [5]. We adopt macro-
expressibility [8] as the basis for our comparison, since it is well-established in the literature,
as in the study of control operators by Forster, Kammar, Lindley, and Pretnar [12]. To our
knowledge, this is the first systematic study to rigorously analyze the expressiveness of
one-shot control operators.

Our contributions are threefold:

(1) We prove that one-shot delimited-control operators can be macro-expressed by
asymmetric coroutines.

(2) We also prove that one-shot effect handlers can be macro-expressed by asymmetric
coroutines.

(3) We show that the converse direction does not hold: asymmetric coroutines cannot be
macro-expressed by either one-shot delimited-control operators or one-shot effect

handlers.
One-shot ¢ - One-shot
effect handler " delimited-control operator

“~._ A 3 -

Asymmetric
coroutine

Fig. 1. Macro-expressibility among control operators. Solid lines indicate the existence of a macro-
translation; dashed lines indicate its non-existence.

Figure 1 illustrates the macro-expressibility results established in this paper.

Zhttps://ocaml.org
3James and Sabry argued that a multi-shot variant of the yield operator is as expressive as delimited-control
operators [15].
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V,W .= value | (V,W) pairing
lxe ¥ variable |inj; V(L € ¥) variant
| O unit | {M} thunk
M,N:= computation | V! force
| return V returner | Ax. M abstraction
[letx =M in N sequencing | MV application
| case V of (x1,x0) —» M product matching | (M, N) pairing
| case V of {(inj, x; — M;);} variant matching |prj; M projection

Fig. 2. Syntax of MAM

This is the extended version of our paper presented at APLAS 2025 [19]. It differs from
the conference version as follows:

(1) We add all key definitions and several important proof cases that could not be included
for lack of space.

(2) We give a new translation from one-shot delimited-control operators to coroutines,
which is much simpler than that presented in the conference version, and allows a
more concise proof of correctness.

(3) We present a new inexpressibility result in Section 5.2, which completes the compari-
son of all the calculi introduced in this paper.

The remainder of this paper is organized as follows. In Section 2, we introduce the core
calculus and define macro-expressibility. In Section 3, we introduce two calculi for one-shot
delimited continuations and coroutines. We first demonstrate that a naive translation from
one-shot delimited continuations to coroutines fails to preserve semantics, analyzing the
cause of failure. We then give a refined translation and prove its correctness. In Section 4,
we introduce the calculus for one-shot effect handlers, and establish the equi-expressivity of
one-shot effect handlers and one-shot delimited continuations. In Section 5, we describe the
inexpressibility results. Finally, in Section 7, we conclude the paper. Proofs omitted from the
main text appear in the appendices.

2 Core calculus and macro-expressibility
2.1 Core calculus MAM

First, we present the calculus MAM (multi-adjunctive metalanguage) by Forster et al. [12],
which is designed after Levy’s call-by-push-value [20]. This framework subsumes both
call-by-value and call-by-name evaluation strategies and provides a uniform foundation to
study various computational effects. In this paper, MAM serves as the common core calculus
for our extensions.

Figure 2 gives the syntax of MAM. In this language, values and computations are clearly
separated into two different syntactic categories.

Values, ranged over by the metavariables V and W, are the data consumed by computations.
As usual, this category includes variables (drawn from a countable set 7#'), the unit value,
pairings (V, W) (products), and variants inj; V (sums, whose tags L range over a finite set
%). In addition, a thunk {M} is a value that suspends a computation M and reifies it as data.

Computations, ranged over by the metavariables M and N, consume such data and, when
they terminate, return a value. A computation returns a value V via the returner returnV,
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pure frame P 1= letx=[]inN|[]VIprj;[]
computational frame ¥ 1= ¢
pure context H = []JIP[H]]]
C

[11F[Cl]

evaluation context

Fig. 3. Frames and contexts of MAM

) ca;e (Vi,V2) of (x1,x2) — M (F) letx= reﬁturnv in M -5 M[V/x]
—n M[Vi/x1,V2/x2] ) {M}l-yM

) ca;e inj, Vof {(inj_, x; = M));} (=) (. M)V =R M[V/x]
—h MV /xi] (&) pri; (M1, Ma) =5 M;

Fig. 4. Beta reduction rules of MAM

and two computations can be sequenced by let x = M in N: once M returns a value, that
value is substituted for x in N. The pattern-matching constructs case V of (xj,x;) — M and
case V of {(inj, x; — M;);} match on a product and a variant value, respectively. A force
term V! runs the computation represented by V; in particular, if V is a thunk {M}, {M}!
reduces to the computation M. An abstraction Ax. M binds a variable x in computation M,
and an application M V supplies a value V to such an abstraction. Since an abstraction is
classified as a computation, to pass it as a value to other computations, it must be suspended
as a thunk. Finally, (M, N) pairs two computations M and N, and prj; M takes the i-th
component of such a pairing, reducing to that component.

Throughout the paper, we freely use nested patterns and a catch-all clause in the pattern-
matching constructs; e.g., we write a term such as case V of {inj; (x1,x2) — M, _+— N}.
This is only a superficial extension: such a term can be desugared into a combination of
pattern-matching constructs. We also write _ for a variable that does not occur free in the
body, asinlet _ = M in N.

We consider terms modulo renaming of bound variables as usual. We define the set of
MAM programs to be the set of all computations.

We give the operational semantics of MAM using evaluation contexts [9]: we decompose a
computation into an evaluation context and a redex, and reduce the latter using beta reduction
rules. Figure 3 defines frames and contexts. Evaluation contexts consist of computational
frames, while pure contexts comprise only pure frames. We use an evaluation context to
locate the redex as usual; a pure context, in turn, identifies the part of an evaluation context
that has no (immediate) computational effects. Although these two notions of contexts agree
in MAM (since it has no computational effects), in each extension of MAM introduced
below, we add computational frames according to the control abstraction it offers.

Figure 4 defines the beta reduction rules —>§,[ on computations. M[Vy/xy,...,V,/x,]
denotes the simultaneous, capture-avoiding substitution of each x; with V; in M. We define
the transition relation —y; on computations by using evaluation contexts as follows:

M 5w
C[M] »m C[M']

We remark that the decomposition of a computation into an evaluation context and a redex is

unique.
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Evaluation of a program is defined by: Evalyam (M) Ly it M —); return v
Evalpawm is a well-defined partial function, since —y is deterministic: there exists a unique
maximal reduction sequence starting from M. It is defined at M exactly when the evaluation
of M terminates successfully.

Example 2.1. We assume that MAM is extended with integers and arithmetic operators.’
Then, Evalyjam ((Af. f!2) {Ax. x + 1}) = 3. In particular, the reduction proceeds as follows:

Af. f12){Aax. x + 1} > {Ax. x + 1}!12
—M (/bcx+1)2

>m2+1—>Mm3.

2.2 Macro-expressibility

To compare the expressive power of one-shot control operators, we use the notion of macro-
expressibility, which was originally proposed by Felleisen [8], and has been adopted in a
number of studies on control operators. This notion serves as a finer basis for comparison than
computability, and is especially useful when comparing the expressive power of extensions
of a Turing-complete language, such as MAM.

Before defining the notion of macro-expressibility formally, let us clarify the target of
comparison. An extension of MAM considered in this paper should contain the syntactic
categories of values and computations, and may add finitely many syntactic categories. It may
also have additional constructs. For each extension, the set of programs and the evaluation
function should be defined explicitly.

Definition 2.2. Let £ and % be extensions of MAM. A partial function ¢ from . -terms
to Z,-terms is a (strong) macro-translation if and only if the following conditions are satisfied:

(1) If M is an £ -program, then ¢(M) is defined and an %, -program;
(2) If F is an n-ary constructor of MAM, then for any % -terms My, ..., M,,

¢(F(My,....Mp)) = F($(My),...,d(Mp));

(3) For each n-ary constructor F € .Z; \ MAM, there is an n-hole syntactic abstraction’
A in % such that

¢(F(M17 cee aMn)) = ﬂ[(ﬁ(Ml)a . v¢(Mn)]

for any A -terms My, ..., My;
(4) For every £ program M, Eval ¢, (M) is defined if and only if Eval &, (¢(M)) is
defined.

We say .2 is (strongly) macro-expressible in .2, if a macro-translation from .Z] to % exists.
We define a weak macro-translation by replacing “if and only if” in (4) with “only if”.

4We write —* for the reflexive transitive closure of a binary relation —, and —™ for its transitive closure.
SHenceforth, we freely use this extension when we give examples.

5Qur treatment of extensions of MAM is deliberately made somewhat informal. We could have defined a general
notion of languages and macro-expressibility over them, but it would involve complex arguments about binding
structures, possibly using the theory of abstract syntax [10]. Such a rigorous treatment is necessary when developing
a general theory of macro-expressibility; however, in this paper, we are interested in the expressive power of several
fixed calculi.

7An n-hole syntactic abstraction in % is an .Z-term with n holes.
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V.W == ... value
| €% continuation label
M,N == ... computation
| Sok. M shift0
|  (M]|x.N) dollar
| throwV W throw
pure frame P = ...
computational frame F = ... | ([ ]|x.N)
pure context H =
evaluation context C :=

Fig. 5. Syntax of DELgpe

Example 2.3. An example of macro-expressibility is the sequencing M; N, which evaluates
M first, discards the result, and then evaluates N. Consider extending MAM with this
sequencing constructor. Then we define a macro-translation ¢ from this extension to MAM
such that ¢(M;N) = (let _ = ¢(M) in #(N)) holds. Other constructors, such as the
abstraction Ax. M, are translated homomorphically: ¢(Ax. M) = Ax. ¢(M).

We remark that macro-expressibility is reflexive and transitive: an identity translation is a
macro-translation, and the composition of macro-translations is also a macro-translation.

3 One-shot delimited continuations as asymmetric coroutines

This section investigates the macro-expressibility of one-shot delimited continuations in terms
of asymmetric coroutines. Although this expressibility had been considered trivially true,
establishing it turns out to be unexpectedly complicated. We will first introduce two calculi:
DEL,, for one-shot delimited continuations and AC for asymmetric coroutines. We will
then present a simple translation from DEL,, to AC, and explain why this translation fails.
Finally, we will give a refined translation which is proved to be a correct macro-translation.

3.1 The calculus for one-shot delimited continuations

We present the calculus DEL,,., which incorporates a one-shot version of the control operator
shiftO/dollar. The shiftO/dollar operator [18, 21] is a variant of shiftO/resetO [4] and has the
same expressive power. We adopt the calculus DEL defined by Forster et al. [12], restricting
the use of each captured continuation to one-shot.

Figure 5 shows the syntax of DEL,, as an extension of MAM, where the ellipses (...)
indicate the syntax from MAM. A continuation label / is a value ranging over a countable
set Zp. It is used to refer to a captured continuation, as described below. The computation
(M| x.N) represents a generalized reset0, called dollar. When evaluated, this term installs a
delimiter for continuations captured in M. Unlike reset0, it has an additional part x.N where x
is bound in N. When M evaluates to a value, its result is bound to x, and N is evaluated. The
computation Sok. M represents the control operator shift0. When this term is evaluated, a
continuation delimited by the nearest dollar term is captured and assigned a fresh continuation
label; k is bound to this label, and the body M is evaluated. If there is no surrounding dollar
term, the evaluation gets stuck. The computation throw V W represents the invocation of the
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M B M
(M:0) —p (M";0)
(ret)  ((returnV|x.M);0) —5 (M[V/x];6)
[ ¢ Dom(0)

(MAM)

(shift)
{(H[Sok. M]|x.N);0) —>g (M[1/k];0][l := Ay. (H [return y]| x.N)])
(1) = dy. (H|[return y]| x.N)
(throw)
(throw [ V; 6) —>g {(H[retarn V]| x.N); 0[] := nil])
0(1) = nil
(fail)

(throw [ V; 0) —>'IB) L

Fig. 6. Beta reduction rules of DELp

captured continuation associated with V with the argument W. We define DELpe programs
as the set of computations containing no continuation labels.
In DEL,,., continuations can be invoked at most once. Consider the example:

<Sok. let a = throw k 1 in

. x.return x
let b = throw k 2 in return (a, b) >

The term attempts to invoke the captured continuation k twice, first to compute a and then
to compute b, which violates the one-shotness constraint. Since whether a continuation
has already been invoked can only be determined at runtime, we detect such violations
dynamically, using a sfore to record the content and status of continuations.

A store is a partial function 6 : p — computation U {nil}. Dom(#) is the set of
continuation labels / such that 6(7) is defined. Note that (/) = nil does not mean that 6(/) is
undefined. Instead, (/) = nil means that the continuation labeled [ is invalid—that is, this
continuation has already been invoked. If 6(/) = M for some computation M, we say that the
continuation labeled / is valid. The empty set 0 represents the store whose domain is empty.
We write 0[] := M] for the usual store update.

We introduce configurations to describe the runtime states of programs. A configuration
C is either a pair of a DEL,. computation M and a store 6, written as (M 6), or the error
state L. The beta reduction rules —>g on configurations are defined in Figure 6.% In (shift),
we assume that y does not freely occur in the context . Throughout this paper, we assume
similar freshness conditions for the variables introduced in reduction rules and translations.

The reduction rules of DEL,,. are defined as follows:

(M;0) = (M";0) (M;0) —5 1
(C[M];6) —p (C[M'];0") (C[M];6) —p L

8Here —)f,[ is understood as the relation on DEL,,. computations obtained by reading the beta-reduction rules of

MAM in Figure 4 as rules over DEL,,e computations. We adopt the same reading for the calculi introduced in later
sections.
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V.W == ... value
| €% coroutine label
M,N == ... computation
| yieldV yield
| createV create
| resumeV W resume
| I:M labeled computation
pure frame P = ...
computational frame ¥ == ...|[:[]
pure context H =
evaluation context C :=

Fig. 7. Syntax of AC

Evaluation of a DELp.-program is defined by: Evalpgr,,,, (M) 'V if there exists a store 6

such that (M; Q) —>;‘) (returnV; 6). Evalpgr,,, is a well-defined partial function, since —p
is deterministic. °

Example 3.1. The evaluation of the program M &ef ((Sok. ((throw & 2) + 3))| x.x + 4)
proceeds as follows.

(M;0) —p ((throw![2) + 3; 0[/ := Ay. (return y| x.x + 4)])
—p ((return2|x.x +4) + 3; 0[/ := nil])
—p ((2+4) +3; O[] :=nil])
-5 (9; 0O[7 :=nil]).
Thus, Evalpgy, . (M) = 9.

one

3.2 The calculus for asymmetric coroutines

A coroutine is a computation that can suspend its execution and later resume from the
point of suspension, in contrast to an ordinary subroutine. De Moura and Ierusalimschy
studied several variations of coroutines found in programming languages and introduced
two calculi, symmetric coroutines and asymmetric coroutines [5]. We choose asymmetric
coroutines because they are the most expressive among several variations of coroutines and
“much simpler to manage and understand” from the programmer’s perspective [5]. They are
also prevalent in modern programming languages, such as Lua and Ruby, while symmetric
coroutines are adopted in “classical” languages, such as Simula and Modula-2.

We define the calculus AC for asymmetric coroutines, employing the basic constructs of de
Moura and Ierusalimschy’s calculus, and adapting these constructs to the call-by-push-value
style. Figure 7 presents the syntax of AC. Besides the constructs of MAM, AC has coroutine
labels as values, and four constructs to manipulate coroutines as computations: labeled
computation, create, resume, and yield. Z;c is a countable set of coroutine labels. The
labeled computation [ : M represents the coroutine / executing the computation M. The

9Strictly speaking, there is an ambiguity in the choice of a fresh label, which implies the nondeterminism of the
reduction. To avoid this, we fix a linear order on .4} and take the least label not in Dom( @) as a fresh label. We
adopt the same convention for the calculi introduced in later sections.
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M =5 w
(MAM)
(M;6) =i (M'36)
(create) ! & Dom(6)
(create V; 0) _’ﬁc (return/; 0[] :=V])
( ) [ € Dom(6) 6(l) # nil
resume
(resume [ V;6) —4 . (11 (6(1)!V);6[1 := nil])
] 0(l) = nil
(fail)

(resume/V;0) _’ﬁc L
(ret) (I : returnV;0) _’ﬁc (returnV; 0)
(yield) (I: H]yield V];0) —>’§C (returnV; 0[] := {1y. H|[return y]}])
(M:0) =i (M0 (M:0) > 1
(C[M];6) —ac (C[M'];6) (C[M];0) —ac L

Fig. 8. Semantics of AC

computation create V produces a new coroutine whose body is V, creating a fresh label for
it. The computation resume V W invokes a coroutine labeled V, with a parameter W. The
computation yield V suspends the current coroutine, yielding V to its caller. We define AC
programs as the set of computations containing no coroutine labels.

Similarly to DEL,pe, we use a store to track the content and status of coroutines. A store 8
is a partial function that maps labels to values or nil. Note the difference from the store in
DEL,pe, which maps labels to computations or nil. A configuration in AC is either a pair
(M 0) of a computation M and a store 6, or the error state L.

Figure 8 defines the operational semantics of AC, which includes the beta reduction rules
_’ﬁc and the reduction rules —c. Note that coroutines are inherently one-shot: although a
coroutine may be called multiple times by suspending and resuming it, it cannot be duplicated
or reused. ‘

Evaluation of an AC-program is defined by: Evalac(M) €V if there exists a store 6
such that (M; 0) —, . (returnV;6). Since —ac is deterministic, Evalac is a well-defined
partial function.

Example 3.2. The evaluation of the program M, defined by
I C_ovield ;i
i l.et j = yieldi in } in
J+1
def .

M = |let a = resume f 2 in ,

let b = resume f 3 in

return (a, b)

let f = create {

proceeds as follows.

let f = return/ in

let a = resume f 2 in | 0[ B :/li. let j = yieldi in }]
let b = resume f 3 in | j+1

return (a, b)

(M;0) —ac
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let z = create {1_. let x = M in return {A_. N}} in
(M|x.N) = let res = resume z () in
res! z
Sok. L < yield {ak. L}
def [ let res = resumeV W in )

throw V W
throw VW res!V

Fig. 9. Naive translation from DEL,. to AC

let a = resume /2 in 2 Tet i = vieldi in
let b = resume/ 3 in ;(ZJ[Z::{ fet) = yield }]

—AC .
+1
return (a, b) /

leta=1: (’l" lfei] N yield in ) 2in
+ J .
; O[1 :=nil
TAC \ |let b = resume!3 in (1= mil]
return (a, b)
leta=1: (l?i_]]: yield2 in ) in
J ; O[1 := nil]

let ¢ = return2 in
let b = resume/3in |; 0
return (a, b)

e [l - {/ly. let j = return y in }

Jj+1

Al

a

{

let b = resume /3 in | ol = Ay.letj = returny in
return (2, b) ’ o j+1

Ay.letj=returnyin ) _ .
! =1:
eth ( j+l 301017 = il
return (2, b)

let j = return3 in in
j+1 ; O[1 := nil]
return (2, b)

letbzl:(
—AC

—AC < let » = resume/ 3 in
return (a, b)

let b = [ : return4 in
+ . .— 3
TAC <(return (2,b) ) Ul ml]>
— ¢ (return (2,4); 0[! := nil])

Thus, Evalac(M) = (2,4).

3.3 Naive translation and its failure

Given the similarity between delimited continuations and coroutines, one may think that it
is straightforward to macro-translate DEL,y. to AC with the following correspondence: a
dollar term in DEL,,. is translated to a create term in AC, a shift0 term to a yield term, and
a throw term to a resume term. Based on this intuition, we can define the naive translation
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from DELe to AC in Figure 9. Note that on the right-hand side of (M|x.N), x corresponds
to the binding occurrence of x in the original term (M| x.N). Figure 9 only shows non-trivial
cases. Other cases are translated homomorphically except for continuation labels, whose
translations are not defined. This is not problematic, since a macro-translation only has to
translate all DEL,.-programs, which do not contain continuation labels.

The naive translation works for simple expressions. However, it fails to preserve semantics,
as shown below. Consider the following DEL.-program M:

M (M’ | i.returni)

let j = (Sok;. let r; = throw k; 10 in
let » = throw k; 20 in return r;) in
Sok,. return 30

def

M/

We shall explain how the evaluation of M proceeds in DEL,.. (For brevity, the full content
of the store is omitted from the evaluation trace. Only the changes relevant to the main
computation are mentioned.) First, the shiftO term Sgk;. - - - is invoked, and the pure context
surrounding it is captured and stored under a fresh label /;:

ey

M —p (let r1 = throw[; 10 in )

let r» = throw/; 20 in return r|

[where [] +— Ay. (let j = return y in Sok;. return 30| i.return:)|

Next, throw /; 10 invokes the captured continuation labeled [, invalidating the continuation:

+

let 1| = <let j =return 10 in

i.returni > in

D Sok,. return 30 2)
let r, = throw /; 20 in return ry
[where /] + nil]
let r; = (Soky. return 30 | i. returni) in
let r, = throw /; 20 in return r;
Then, the shiftO term Sgk,. --- is invoked. This captures the context and stores it under

another fresh label /;. The evaluation then continues as follows (note that the continuation
labeled /5 is not used):

+ (let r; = return 30 in 3)
D \let r, = throw /; 20 in return r,

[where I — Ay. (return y|i.returni)]

—p let r» = throw /; 20 in return 30 4)

Finally, throw/; 20 is invoked, but since the continuation labeled /; has already been
consumed, the evaluation fails.

Therefore, in AC, the evaluation of M must not successfully terminate since macro-
translations preserve semantics; however, this is not the case. To understand the reason, consider
the evaluation trace of M. First, after applying the translation, a coroutine corresponding to
the body of the source dollar term is created, labeled as m, and invoked (¥ is a pure context
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defined as let i = [ ] in return {1_. returni}):

let z = create {1_. P[M’|} in
M =|let res = resume z () in
res!z

let res =
let j =
let ry = Mkl 10 in
—ic| m:P| yield k. |let r, = throw k; 20 in |; in| in
return
yield {1k;. return 30}

res! m
[where m + nil]
Then, the current coroutine m is suspended, yielding the thunk {k;. ---}.

let r; = throw £ 10 in

i+ let res = return < Ak. | let r» = throw k120 in |; in

AC returnr
res!m
where
let j = returny in
Ay. P
" { Y [yield {4k;. return 30} }

let r{ = throwm 10 in
—1c |let r> = throwm 20 in
returnr

This term corresponds to (1), where the continuation captured by Sgk;. --- in M, labeled

11, corresponds to the coroutine labeled m. Next, throw m 10 is evaluated. This resumes the

coroutine labeled m, mapping m to nil in the store, and the evaluation reaches the following
let j = return 10 in

term corresponding to (2):
let r) = yield {1k;. return 30} ) " lin
e res'm o)

let res = m : (7’[

let » = throw m 20 in
returnr
[where m + nil]
Then, the value 10 is discarded, and the term yield {1k;. return 30} (= Sok,. return 30) is
invoked:
let ri = {Ak;. return 30}! m in
-+ —uc |let r2 = throw m 20 in
return rq

where
m — {1y. P[returny]}

let r; = return 30 in
-+ = c |let r2 = throw m 20 in
returnrq
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In this term, which corresponds to (3), the label m substituted for k, is discarded without
being consumed. Thus, the invocation of throw m 20 (corresponding to that of throw /; 20 in
(4)) succeeds, although it should not, and the evaluation terminates successfully:

L+ let r, = throw m 20 in | |where
AC \return 30 m — {1y. P[returny]}

let res = m : (let i = return 20 in return {A_. returni}) in \ ,
+ let r D = mn
—ac res!m
return 30

[where m + nil]

+ [let ry = {A_. return20}!m in
AC \return 30

+
— ¢ return 30

In short, the naive translation fails because it ignores the difference between DEL,. and
AC in how the validity of labels is managed. In DELy,, validity is one-way: once a shift0
invocation creates a fresh label /, this label remains valid—i.e., 8(!) holds the captured
continuation—until the continuation is invoked. After that, 6(/) becomes nil permanently.
For example, once the continuation labeled /; is invoked in (2), it is kept invalid throughout
the evaluation. In AC, by contrast, validity is alternating: each time coroutine m is suspended
and later resumed, 6(m) alternates between a value (the coroutine m is suspended, hence
valid) and nil (the coroutine is running, hence invalid).

Consequently, since both / and /, are mapped to m, the generation of /; corresponds to
the suspension of m, and the second invocation of /; corresponds to its resumption. This
resumption is legitimate in AC, as the coroutine m is suspended. Interpreted back in DELp.’s
terms, however, this means that /; is illegitimately reactivated by the creation of /5. This is
the reason why the naive translation fails to preserve the semantics.

We remark that it would be harmless if the captured continuation labeled /, were consumed
(or, equivalently, the thunk returned by yield in (5) eventually resumed m), as that would
invalidate m again. In our counterexample, however, this is not the case.

This phenomenon had been overlooked for years. In fact, it was folklore that a simple
macro-translation from DEL,. to AC should exist. For example, Kawahara and Kameyama
proposed such a translation from one-shot effect handlers to asymmetric coroutines, which
has been implemented in Lua, Go, and several other languages [17]. Our analysis, however,
reveals that these simple translations fail to preserve semantics and therefore cannot be
macro-translations. The problem becomes apparent when we examine a dollar term that
contains more than one occurrence of shift0.'"

3.4 Refined translation from DEL,,. to AC
Behind the failure analyzed in the previous section lie two gaps to be addressed:

(1) Each shift0 invocation creates a fresh continuation label, whereas a coroutine label,
once created, is reused across resumptions. A single coroutine label therefore has to
serve all the continuations captured within one dollar term.

107t can be shown that Kawahara and Kameyama’s translation fails to preserve semantics by considering a similar
counterexample.
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(2) The validity of a continuation label is one-way, whereas that of a coroutine label is
alternating.

The naive translation addresses neither.

Our key idea to fill the gaps is to map each continuation label not directly to a coroutine
label, but to a reference cell that holds both the continuation label’s validity and a coroutine
label. Specifically, a reference cell holds either injy,;;q 72, meaning that the continuation
is still valid and is realized by the coroutine labeled m, or injy,, ;g (), meaning that it has
already been invoked. A continuation is then represented by the label of a cell, while the
continuation’s validity is recorded in the content of the cell. Thus, invoking a continuation
through one copy of its label invalidates all the other copies as well.

Reference cells are not primitive in AC, but they can be implemented using coroutines.
See the following encoding (this encoding can be extended into a macro-translation from the
calculus for reference cells to AC; see Section 5):

ef = {/1v create RefCell(v)}

def [Ay. let ¢’ = returny in
RefCell(v) = { loopl v/

loop { Ax. th! {x!x}) {Ax. th! {x! x}}}
Af.As.4q. case g of {

(injge v) — let ¢’ =yield() inf!vg’
(injge—) — let ¢’ =yieldsinf!sq’}

get {/lc. resume c (injg, ()}

- {Ac. Av. resume c (injg. v) }

Given a value v, ref creates a coroutine RefCell(v) that holds v as its content and runs an
infinite loop waiting for a query q. When it is passed a query of the form injg,, (), it returns
the current state, continuing the loop; when passed a query of the form injg,, v, it updates the
state to v, returning the unit value ().

Using reference cells, we give the refined translation in Figure 10. In the translation of
a dollar term, we introduce a thunk zc that creates a reference cell holding the coroutine z
tagged with Valid and pass it in place of the coroutine in the naive translation. This thunk
is forced in the body of the translation of a shiftO term to obtain the reference cell. In the
translation of a throw term throw V W, we pattern-match on the content of the reference cell
labeled as V. If its content is injy,;q 7, then we update the content of the reference cell to
inji,vaiq (), which makes every later use of V fail; we then resume the coroutine labeled m
with W, passing it a thunk z¢’ built in the same way as zc. Otherwise, we let the computation
fail.

We address the first gap by building zc in the dollar term and z¢’ in the throw term, each
of which creates a new reference cell when forced. Thus, the continuations captured by
successive shift0 invocations are represented by distinct reference cells, even though they all
refer to the same coroutine z. We address the second gap by never turning the content of a
reference cell from injy,,,;;q () back to injy,;q m. Thus, once a reference cell drops the Valid
tag, it never regains it, whereas the coroutine m keeps alternating between valid and invalid.
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def . where
Sok. M ‘= yield {Ax. let k = x! in M} def
def Jail =

(M]x.N) = let z = create {1_. return ()} in

let 7 = create . let _ = resumez () in
{/l_. let x = M in } in resume 7 ()

turn {1_. N
return { _} ref def {Av. create RefCell(v)}
RefCell(v) &f

let zc = return {ref! (injy,;qz)} in
let res = resume z () in

res! zc {/ly. let ¢’ = returny in ;
-~ ' ’
throw VW &' fgfo P-v4
let zc = get!V in loop = {(Ax. th! {x!x}) {Ax. th! {x!x}}}
- def
case zc of { th =
(injyaia 2) Af.As.Aq. case g of {
let _ = ser! V (injyyqiq () in (injg, v) —
let z¢’ = return {ref! (injy,;q 2) } in let ¢ =yield () inf!vg
let res = resume z W in (injge—) —
res! z¢’ let ¢’ =yieldsinf!sq'}
(iNjinyasia =) = fail! get & {ac. resume c (injg. ()}
} set & {/lc. Av. resume ¢ (injg,, v)}

Fig. 10. Refined translation from DEL. to AC

Now, the evaluation of M in Section 3.3 under the refined translation proceeds as follows:

let z = create {1_. P[M’|} in
let res = resume z () in

M =
= 7 |let zc = return {ref! injy,;q z} in
res! zc
let res =
[let j =
let k; = x;!in
. let r; = throw k; 10 in .
+ : 1d < Ax;. —
Zac| m:iP| vie " |vet r, = throw k1 20in |{ "] ™
returnr
lyield {1x;. let k; = x,! in return 30}

res! {ref! injy,iq m}

[where m + nil]

let k] =X 'in

let r; = throw k; 10 in

let r, = throw k; 20 in
returnr

! {ref! injvalid m}

%

+
_>AC /bcl.

where

0 let j = returny in
m .
Y yield {Ax;. let k; = x;! in return 30}
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let r; = throwm; 10 in
—1c |let r2 = throwm; 20 in (6)
returnry

[Where my +— RefCell(injy,;q m)]

let j = return 10 in

let =m: !
e =m (7) [yield {Axz. let k> = x! in return 30}]) " [in

let r =
. ..
—2ic res! {ref! njy.iq m}
let r, = throwm; 20 in
returnr

[where m + nil, m; > RefCell(injjyiq O)]

let | = {Ax,. let k> = x,! in return 30}! {ref! injy,;qm} in
—1c |let r2 = throw m; 20 in
returnr

[where m +— {1y. P[return y]}]

let 1| = (let k, = {ref!injyy;qm}! in return30) in
—ac | let r2 = throwm; 20 in
return 30

let r; = (let k; = return m; in return 30) in
—c |let r2 = throw m; 20 in
return 30

[where my — RefCell(injy,;q m)]

let r; = return 30 in
—1c |let ry = throw m; 20 in
return 30

i+ let » = throwm; 20 in )
AC \return 30

N
—ac t

Thus, the evaluation of M results in the error state L, as it should. There are two points worth
noting. First, the two continuations captured in M are represented by distinct cells m; and
my, even though both are backed by the same coroutine m. Therefore, the capture of m; no
longer reactivates m, as it did under the naive translation. Second, the invocation of the first
throw in (6) makes the cell m; hold injy,,.iq (), and nothing restores it afterwards, so the
second throw fails in (7).

3.5 Simulation relation

To prove the correctness of the translation in Figure 10, we use simulation. For two transition
systems .Z and ., a binary relation on these systems is a simulation relation if the following
condition holds:

If M — o M’ and M ~ N hold, then there exists an N’ such that N —>*$, N’
and M’ ~ N’ hold.
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If such a simulation relation exists, we say .Z”’ simulates £ . In our case, we shall construct
a simulation relation ~ on DEL,e configurations and AC configurations that respects the
translation in Figure 10. We then use this to show that the translation preserves the semantics.

Constructing such a relation is the main obstacle to the correctness proof. In the refined
translation, the validity of a continuation is recorded in the corresponding reference cell, not
in the coroutine that realizes it. Therefore, a target term alone does not tell us which source
configuration it represents: our simulation relation must relate stores as well as computations.

We do so with label maps, which associate a continuation label (e.g., /; in our running
example) with a reference cell that represents it (e.g., m1) and a coroutine label that realizes
it (e.g., m). We also enforce some invariant conditions: several continuation labels may share
one coroutine (e.g., [ and /, share m), but at most one of them is valid, and each reference
cell’s content follows the validity of its label. Setting up reference cells and coroutines in AC
needs several steps that have no counterpart in DEL,,.. We therefore let the core relation
relate a source configuration to a canonical target representative, and close it under these
administrative reductions.

Label maps and invariant conditions. First, we define the label maps: A label map is a
partial function iy : £p — Zac X Zac. If n(l) = (mc, m), then mc is the reference cell that
represents /, and m is the coroutine label that mc may hold as injy,;;q 7. We then parameterize
and extend the translation - with 5, by translating the source continuation label / to the label
mc of the reference cell. We call this extension a runtime translation and write it as L
Similarly, we extend runtime translations to translations on contexts by mapping a hole to a
hole.

Using label maps and the extended translation, we define coherence conditions, which
constrain a label map against a source store, and invariant conditions, which relate a source

store to a target one.

Definition 3.3 (coherence conditions). For a DELy. store 6 and a label map n, we define
Coh(8, 1) to hold if and only if both of the following conditions are satisfied:
(C1) Dom(n) = Dom(6);
(C2) n is injective in its first component: if r7(l) = (mc,m) and n(l’) = (mc,m’), then
[=1.
Definition 3.4 (invariant conditions). For a DEL. store 8, an AC store 7, and a runtime
label map 7, we define Inv(6, 7, n7) to hold if and only if the following conditions are satisfied.
(IC1) If0(!) = nil and n(l) = (mc, m), then 7(mc) = RefCell(injiyyaiq ));
IC2) 1f6(1) = Ay. (H|[return y]| x.M) and n(l) = (mc, m), then
(a) 7(mc) = RefCell(injy,;q m),
(b) 7(m) = Cont,,(H,x, M), and
(c) forany !’ € Dom(0) \ {/} and mc’ € Zac,ifn(l") = (mc’, m), then §(I’) = nil,
where
Cont, (H,x, M) def {/ly. let x = H [return y]]7 in return {/l_. Mn}}

Condition (IC1) ensures that a reference cell representing an invalid continuation has
inj,.a4 (). Condition (IC2) states that a valid continuation corresponds to a valid reference
cell containing a coroutine label that realizes the continuation. Moreover, condition (IC2-c)
says that a coroutine label m realizes only one valid source continuation label. In other words,
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since the second component of 7 is not necessarily injective, the label m may have more than
one corresponding source continuations labels, but condition (IC2-c) ensures that only one of
them is valid.

Core relation. We then define the core relation that specifies the correspondence between
source and target configurations.

Definition 3.5 (core relation). For a label map n, we define a relation Z on DEL,,.
configurations and AC configurations inductively on the structure of DEL,. computations
as follows.

For every constructor E of DEL,. among

case V of (x,xp) > M, case V of {(inj_ . x; — m;);}, v, returnV,

Ax. M, (My, M3), Sok. M, throw V W,

we have the base clause
o\ 7 )
(E;0) X (E,;7),
for any 6 and 7.
For other constructs of DEL,,., we have

(My;0) L (Ni;7)

)

(let x = M| in M>; 6) < <letx: Ny in &71;T>

(M;0) L (N;T) (M;0) L (N;T)
(Mviey L (NV, 1) (prj; M:6) L (prj; Ni7)’
and
(My;0) X (Ni;7)  t(m)=nil  Vi,mc.n(l) = (mc,m) = 6(I) = nil
(M| x.M2);0) L (Act, (N1, x, Ma, m); 7) ’
where

Act,y (N, x, M, m) € (

let res =m : (letx = N in return {/l_. Mn}) in )
res! {ref! (Injyiq m)}

We defined the core relation on configurations, not on computations. This is because, in
the clause for the dollar term, the target configuration has an active coroutine m in it, which
requires two additional conditions in the premise. These premises are complementary to
the invariant conditions. The invariant conditions are concerned with continuations to be
invoked—thus suspended coroutines. On the other hand, these two premises are concerned
with the current continuation to be captured—thus the active coroutine m.

We extend the core relation onto contexts: (C;0) ~s (D:t), where C is a DELgpe
evaluation context, D is an AC evaluation context, 8 is a DEL,,. store, and 7 is an AC store.
The definition of (C;6) ~¢ (D;t) has clauses similar to the last four in the definition of ~,
plus a clause for a hole: ([ |; 9) 2o ]:7).

Then, we put several side conditions together into a single relation:

Definition 3.6. For DELg,. and AC configurations C = (M;8) and D = (N; 1), we write
C Zﬁ D if and only if all of the following hold:
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(1) WFpgL,,. (C), which means that all continuation labels occurring in M or in 6 are in
Dom(#);'"!

(2) WFac (D), which is defined similarly, and which moreover requires that 7(m) = nil
for every coroutine m running in N, that is, for every m such that N has a subterm of
the formm : N’;

(3) Coh(6.n);

@) Inv(6,7,1);

5) Cc X D.

There are two points worth noting about this definition. First, C Zﬁ D is parameterized by
n, which is necessary to record the correspondence between source continuations and target
coroutines that are dynamically generated during evaluation. The final simulation relation
will be given by existentially quantifying 5. Second, the relation mentions only canonical
AC configuration D. For example, the base clause for the dollar term, ((M;|x.M3); 6) A
<(M1 | x.Mz)n; ‘r>, is not included. This is because, by reducing the configuration on the
right-hand side, we obtain

<<M1|X.M2>’7;T> —ic <Act,7(N1,x, Mz,m);T'>,
for some m and 7’, and then we can prove that
(M| x.Mp);0) 2 (Acty(Ny,x, My, m); 7).

Put differently, we consider the target configurations modulo administrative reductions, which
leads to the following definition of the simulation relation:

Definition 3.7 (simulation relation). For DELg,. and AC configurations C and D, define
C ~ D if and only if either C = D = L, or there exist a label map 7 and an AC configuration
D’ such that
D—icD and C % D

We remark that C ~ D has the following properties, the latter of which ensures that we
can canonicalize the target configuration.

LemMmA 3.8. (1) For every DELqne program M, (M;0) ~ <M; ®> holds.
(2) Assume WFpgy,, ((M:6)), WFac((M,:7)), Coh(8.y), and Inv(6,7.n). Then,

one

there exist an AC computation N and an AC store v’ such that <M - T> —ic (N7
and (M;0) 2y (N;7').

3.6 Correctness of the refined translation

We prove that our refined translation and the simulation relation form a simulation in three
steps. First, we prove the simulation of beta-reduction (Proposition 3.9), then its lift onto
the general reduction (Proposition 3.10), and finally the simulation of the general reduction
(Theorem 3.11). The preservation of semantics follows from it as a corollary. We shall give
all the key propositions and proof sketches for important cases. The full proof appears in
Appendix A.2.

ProrosiTION 3.9. Assume (M 0) Zﬁ (N;T). Then:

11See Appendix A.1.1 for the precise definition. We remark that well-formedness is preserved by reduction.
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(1) If (M;6) =5 L, then
(N;T) =3¢ L.

(2) If (M; 0) —>g (M’;0") then there exist N’, T/, n’ such that

(N;1) =>ic (N'5T') and (M';0") Z/f! (N";7").

Proor. By case analysis on the beta-reduction rule used in the reduction of (M; ). We
write out the cases for (throw) and (fail).
Case (throw):
Suppose M = throw !V and (/) = Ay. (H [return y]| x.Mp). Then

(M:0) —p (H[return V]| x.Mo);0'), ¢ < 0[1 := nil].

The last rule used to derive (M;8) Zﬂ (N;7) is the base clause for throw. Hence
N = Mn' By (C1), there are target labels mc and m such that n(l) = (mc, m). By
(Ic2),

T(mc) = RefCell(injy,;q m), 7(m) = Cont,,(H, x, Mp),
and for any continuation label /” and coroutine label mc’, if I’ # [ and n(I") = (mc’, m),
then 6(1”) = nil. Put

e 7[mc := RefCell(injyaiiq ()), m := mil].

By calculation, we have

<thl‘0Wan;T> —ic <Act,7(7{[return V] e Mo,m);‘r’>,
and (H [return V]| )C.Mg))7 = Act, (H[return V] e My, m).

We next check the hypotheses of Lemma 3.8(2) for H [return V] as M with ¢’, 7" and 7.
WFpEL,, (- - .) and WFc(. . .) are immediate. Coh(6’, ) follows from Coh(#, 17) because
Dom(6") = Dom(6). To prove Inv(6’,7’,7), we show (IC1) as follows: The label / is
invalid in 68" and mc has the invalid tag in 7’. All other invalid continuation labels in 6’
are invalid in 8, and mapped to invalid cells by  and (IC1) for 6. Thus (IC1) holds. We
then show (IC2) as follows: If I’ is valid in 6’, then I’ # [, and by (C2) of Coh(6’,7), the
first component of 1(!”) is not mc. Moreover, the coroutine realizing I’ cannot be m: if so,
(IC2-c) of Inv(6, 7,17) would imply 6(1") = nil. Thus the store contents relevant to [’ are
unchanged, and (IC2) follows.

Hence, we can apply Lemma 3.8(2) for M = H[return V] with ', v/, and 5, to obtain

<W[returnV]n;~r’> —ic (N377) and (H[returnV];6') Ly (N';7"),

for some AC computation N’ and AC store 7”’. This reduction takes place in the body of
the active coroutine m, so it lifts to
<Act,7('7-{[return V] 77,X,M0,m);T,> —AC <Act,7(N',x, Mo,m);r”>,
and hence (N; ) =% (Act,(N’,x, My, m); 7").
It remains to show ((FH [return V]| x.Mo); 6") 2y (Act,; (N’,x, My, m); T""). The two
well-formedness conditions, Coh(8’, 1), and Inv(6’, 7”7, ) are immediately derived from
the relation Qﬂ obtained above. For the core relation, we apply the dollar-term rule of
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the core relation to (H [returnV];6’) ~

conditions

' (m) =nil and VI',mc".n(l') = (mc’,m) = 6’(I') = nil.

(N’;1""), so it suffices to check its two side

The former holds because the coroutine m keeps running throughout the lifted reduction
above, and WF ¢, which is preserved by reduction, forces 7"/ (m) to be nil (see the proof
of Proposition A.26 in the appendix for the details). As for the latter, (IC2-c) of Inv(6, 7,77)
tells us that the label [ is the only valid continuation label defined in 8 that is associated
with the coroutine m. This label is no longer valid in 6’, which implies the condition above.
Case (fail):

Suppose M = throw !V and 6(/) = nil. Then (M, 0) —>'g L. The last rule used to
derive (M;0) Qﬁ (N;7) is the base clause for throw, so N = throlen. By (C1),
n(l) = (mc, m) is defined. Since (/) = nil, (IC1) gives

7(me) = RefCell(injipyaig ).
Therefore, by calculation, we obtain
<thl’0Wan;T> —1c (aill; Ty =3 L.
This concludes the proof. O
ProposiTioN 3.10. Suppose (M 0) Zii (N;7),(C;0) 2o (D7), WFpEL,,. (C[M]; 6)),
and WFxc ({(D[N]; 1)).

(1) If (M;6) =% L, then
(DIN]; 1) =)¢ L.

(2) If (M 0) —>§ (M’ 0") then there exist N’, T/, n’ such that

(NiT) >k (N7, (CIML:0) Ly (DINTT), (G0 Lo (D).

Proor. By induction on the derivation of (C; ) 2. (D;7). The base case is Proposi-
tion 3.9. For the inductive step, the cases for MAM frames trivially hold. The only nontrivial
case is that for a dollar frame, where we have to carefully check that the side conditions involv-
ing an active coroutine are preserved through reduction (See the proof of Proposition A.27 in
the appendix). O

THEOREM 3.11 (stMULATION). If C ~ D and C —p C’, then there exists an AC configura-
tion D’ such that
D —icD" and C'~D'.
Proor. Since C —p C’, the configuration C is not L. By the definition of ~, there exist
an AC computation P, an AC store 7, and a label map 7 such that
D —}c(P;t) and C Zﬁ (P;T).

Write C = (My; 0). By the definition of —p, the source step decomposes into an evaluation
context and a beta-reduction step. Thus, there exist a DEL, evaluation context Cy and a
DEL,,. computation M such that My = Cy[M] and either

(M;0) =5 L and C' =1,
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or there exist a DELg,. computation M’ and a DELy. store 6’ such that
(M; 0) —>BD (M’;0"y and C’' ={Cy[M’'];¥’).

From (Cy[M]; 0) Zﬂ (P; ), we obtain in particular (Cy[M]; 0) L (P;1). By induction
on Cy, we can check that there exist an AC evaluation context 9y and an AC computation N
such that P = Dy[N], (Co: 6) ~c (Do;7), and (M;6) ~ (N;t). From the side conditions
of (Co[M]; 6) Eﬁ (Dy[N]; 1), we obtain (M; ) Zﬁ (N;T1).

We now apply Proposition 3.10 to (M; 0) Zﬁ (N;7) and (Cp;0) ~c (Do; 7). First,
suppose (M; 6) —>BD L. Proposition 3.10 gives (P;7) = (Dg[N]; 1) =} L. Combining
this with D —>ZC (P; 1) yields D —>XC 1.AsC’ = 1, we have C’ ~ L by the definition of
the simulation relation.

Next suppose (M; ) —>g (M’;0"). Proposition 3.10 yields an AC computation N’, an
AC store 7/, and a label map n’ such that (N; 1) —>ZC (N’;7’) and (Co[M’];6") Z/ﬂ
(Do[N’];7"). By the definition of —ac, we obtain (Do[N]; 7) —3 (Do[N']; 7’). Since
P = Dy[N], composing with D —} . (P;7) gives D — 1. (Do[N’]; 7). Also, because
C’ = (Cy[M’'];0"), we obtain C' ~ (Dy[N’];7’) by the definition of the simulation
relation. =

Using this theorem, we prove the preservation of semantics and the strong macro-
expressibility.

THEOREM 3.12 (PRESERVATION OF SEMANTICS). For every DEL . program M, Evalpgy,,,, (M)
is defined if and only if Evalac (M) is defined.

Proor. We prove the two directions separately.

First suppose that Evalpgr, . (M) is defined. Then there exist a DELe-value V and
a DELgpc-store 6 such that (M;0) —j (returnV;6). By Lemma 3.8, (M;0) ~ (M;0).
Repeatedly applying Theorem 3.11 along the source reduction sequence, we obtain an

AC-configuration D such that
(M;0) >3c D and (returnV;6) ~ D.

By the definition of ~, there exist an AC-computation N, an AC-store 7, and a label map
such that
D =3¢ (N;7) and (returnV;6) Qn (N:7),

the latter of which yields (return V; 6) L (N; 7). By the definition of AN equals return Zn'

Hence (M;0) —' <return V., T>, and therefore Evalac (M) is defined.
We prove the converse direction by contraposition. Assume that Evalpgr,,, (M) is undefined.
Since —p is deterministic, exactly one of the following alternatives holds.

(1) The evaluation diverges.

(2) The evaluation reaches the error state L: (M; () —>]+) L.

(3) The evaluation reaches a stuck configuration: there exist a DELp.-computation M’
and a DELgy-store 6 such that (M;0) —y, (M’;6), the configuration (M’; 0) is
stuck, and M’ is not of the form returnV.

We can prove that, in each case, the evaluation of M diverges, reaches the error state, or gets
stuck, respectively (See Appendix A.2.4 for the details). Therefore, in all cases, Evalac (M)
is undefined. O
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V.W == ... value
| 1 (e %%&) continuation label
M,N == ... computation
| opV (ope ) operation call
|  with H handle M handle
| throwVW throw
H = {returnx— M, (op; p; ki — M;);} handler'”
pure frame £ = ...
computational frame ¥ == ...| with A handle [ ]
pure context H =
evaluation context C :=

Fig. 11. Syntax of EFFp

THEOREM 3.13 (STRONG MACRO-EXPRESSIBILITY). The translation M +— M of Figure 10 is
a strong macro-translation from DELg,. to AC.

Proor. The translation maps every DELp,. program to an AC program and is homomorphic
on the MAM constructors by definition. Every constructor peculiar to DEL,,. is translated
by a fixed syntactic abstraction, as shown in Figure 10. The preservation of semantics is
shown by Theorem 3.12. O

4 One-shot effect handlers as asymmetric coroutines

Since Plotkin and Pretnar’s proposal [26], effect handlers have been actively studied in
recent years. This section extends our results to effect handlers; namely, we establish
the macro-expressibility of one-shot effect handlers in terms of asymmetric coroutines.
Since macro-expressibility is transitive, it suffices to show that one-shot effect handlers are
macro-expressible by one-shot delimited-control operators.

4.1 The calculus for one-shot effect handlers

Figure 11 presents the syntax of EFF,,., which is a one-shot variant of the calculus EFF
for effect handlers defined by Forster et al. [12]. A continuation label / (drawn from a
countable set ZE) is a runtime representation of a one-shot continuation, as in DELp.. The
computation op V is an operation invocation with an argument V, where the operation op
ranges over a finite set . A handler {return x — M., (op; p; k; — M;);} consists of the
return clause return x — M., and for each operation symbol op;, the operational clause
op; pi ki — M;. The computation with H handle M installs a handler H and evaluates M
under it. The computation throw V W, when evaluated, invokes the continuation associated
with V with the argument W if V is a continuation label. We define EFF . programs as the
set of computations containing no continuation labels.

In our formulation, every handler must handle all operations in &. This is not an essential
restriction, as any handler that handles only some of the operations in ¢ can be rewritten' to
satisfy this condition.

12Note that x is bound in My, and pi and k; are bound in their respective M;.
13Given such a handler H, we add a clause op p k — let r = op p in throw k r to H for each unhandled operation

op.
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M5 M
(MAM) 5
(M 0) =y (M’";0)
H = {return x — M, ...}
(ret) E
(with H handle (returnV); 6) —p (M [V/x];6)
(op) H = {return x — M, (0p; pi ki — M;);} [ ¢ Dom(6)
op
(with H handle (H[op; V]);6)
—>g (M;[V/p;,1/k;];6[l := Ax. with H handle H [returnx]])
0(l) = Ax. with H handle / [return x|
(throw)
(throw [ V; 0) —>§ (with H handle H [return V]; 0[[ := nil])
6(l) = nil
(fail) @
(throw [ V; 0) —>§ L
Fig. 12. Beta reduction rules of EFF.
with H handle M & ({M| H™) {H*"}| z.return z)

where ({return x — M, ...})™ = x.A_. My
({return x — Myet, (0p; pi ki = M;);})°P
= Ac. case ¢ of {(injy,, (pi, ki) — M;):}

opV = Sok. Ah. (let y = (Sok’. h!injy, (V,k’)) in
throw k y h)
throwVw & throwV W

Fig. 13. Translation from EFF e to DELpe

Similarly to DEL,, captured continuations can be invoked at most once during evaluation.
Hence, the evaluation of with H handle (error 10) where

_ returnx — returnx,
" |errorpk — let a = throw k 1 in let b = throw k 2 in return (a, b)

must result in an error. EFF,. also uses a store, which a partial function 6 : % —
computation U {nil}, to enforce one-shotness

A configuration C is either a pair of an EFF,,. computation M and a store 6, or the
error state L. The beta reduction rules —>€ on configurations are defined in Figure 12. The

reduction of EFF,. is defined as follows:

(M;6) —5 (M";6) (M;0) =5 L
(C[M];6) =k (C[M'];0) (C[M];0) —E L

Evaluation of an EFF . program is defined by: Evalggr,,, (M) def V if there exists a store 6
such that (M; 0) —, (returnV;6). Evalgr,

. 18 a well-defined partial function, since —g
is deterministic.
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4.2 Macro-translation from EFF,,. to DEL;.

We present a translation from EFF,,. to DEL,, in Figure 13, which is inspired by Forster
et al.’s translation [12]. A handle computation with H handle M is translated using two
nested dollar terms: an outer one that delimits the whole translated computation, and an inner
one, whose additional part H™" is built from the return clause of H, that delimits M. The
inner dollar term, once evaluated, is applied to the thunked dispatcher {H°P} built from
the operational clauses of H. An operation invocation op V is translated to a computation
that performs two shiftQ’s in succession. The first captures the continuation up to the inner
delimiter, binding k; the resulting abstraction is then applied to the dispatcher, binding 4.
The second captures the continuation let y = [ ] in throw k y & up to the outer delimiter,
binding k’, and calls / with the pair, tagged with op, of the argument V and k’—the label of
this second captured continuation. A source throw term is translated to the target throw term
homomorphically. Specifically, when an operational clause invokes its continuation variable,
which is bound to k’, the target throw term invokes k’, which in turn immediately invokes k,
reinstalling the dispatcher A.

The use of two successive shift0’s is where our translation departs from that of Forster et
al. Adapting their translation to EFF,,. constructs, we obtain the following:

def

with H handle M = (M|H™) {H™},

def ..

opV = Spk. Ah. h! (injy, (V, {Ay. throw k y h})),

def
throw VW = VI W,

where a source continuation label is represented by the thunk {1y. throw k y i}, which is a
value that can be consumed by the (U) rule of MAM. This translation would still be a weak
macro-translation, but not a strong one in our setting, since a source program that forces a
captured continuation gets stuck in EFF,. whereas its translation does not. 14 Therefore, we
represent an EFF . continuation label by a genuine DEL,,,. continuation label instead of a
thunk. This is the reason why we perform two successive shift0’s: the second one captures
the computation that Forster et al.’s translation encapsulates as a thunk above.

Simulation relation. As in Section 3.5, we prove the correctness of the translation by
constructing a simulation relation between EFF . configurations and DEL,,. configurations.
While Forster et al. defined a simulation relation using their translation directly, we must
take into account labels and stores that are necessary to capture one-shotness. Therefore, our
simulation relation must relate the stores as well as the computations, so that it records which
captured continuations in DEL,. correspond to a given EFF,,. captured continuation.

As in Section 3.5, we use label maps: here a label map is a partial function n : L5 —
S X Zp that sends an EFF,. continuation label [ to a pair (1) = (n(l)1,7(1)2) of DELgye
continuation labels. Note that, in our translation, an EFF . continuation label [ is represented
by the label passed to the dispatcher, namely the one bound to k&’. We thus let r7(/); be that

label, generated by the second shift0, and (/) be the one bound to k, generated by the first

shift0. We then parameterize and extend the translation with 7 by / " def n(l)1, provided n(1)

4For instance, take H = {return x - returnx, op p k > k! ()}. Then, with H handle op () gets stuck in
EFF,,., because the continuation label substituted for k is not a thunk, whereas its translation evaluates to ().
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is defined. As in Section 3.5, we call this extension a runtime translation and write it as A
We also extend runtime translations to translations on contexts by mapping a hole to a hole.
Using the label map and the runtime translation, we define coherence conditions and

invariant conditions.

Definition 4.1 (coherence conditions). For an EFF,,. store 6 and a label map n, we define
Coh(8, 1) to hold if and only if the following conditions are satisfied.

(C1) Dom(6) = Dom(n);
(C2) foralll,I’ € Dom(6) and i, j € {1,2},if n({); =n(l’)j,thenl =1"and i = j.

Definition 4.2 (invariant conditions). For an EFF . store 6, a DEL, store 7, and a label
map 7, we define Inv(6, 7, 7) to hold if and only if the following conditions are satisfied for
every [ € Dom(6).

(IC1) n(l); € Dom(t) and n(1); € Dom(7);

(IC2) if 8(1) = nil, then 7(n(l);) = nil;

(IC3) if 6(1) = Ay. with H handle H [return y] for an EFF ;. handler H and an EFF,,,
pure context 7, then

7(n(l);) = Ax. <lety = returnx in thrown(/), y {H%ps}|z.return Z>,
(1)) = Ay. <7{[return y]n| H;;t>,

where H %p * (resp. H ;;3‘) denotes the translation of the operational clauses (resp. return clause)

of H with respect to 7.

Condition (IC2) ensures that an invalid source continuation corresponds to an invalid target
continuation, and condition (IC3) states that a valid source continuation is realized by a pair
of target continuations.

We can now define the simulation relation.

Definition 4.3 (simulation relation). For an EFF;,. configuration C and a DEL;,. con-
figuration D, we write C ~ D if and only if either C = D = L, or there exist an EFF
computation M, a DEL,,. computation N, an EFF . store 6, a DEL,. store 7, and a label
map 7 such that

(1) C=(M;0)and D = (N, 1);

@) N=M,

(3) WFEFF¥,,. (C), which means that every continuation label occurring in M or in  must
be in Dom(6);"

(4) Coh(6,n) and Inv(6,1,7).

In contrast to Section 3.5, we relate a source computation to its runtime translation directly;
in other words, we need not consider administrative reductions. The essential difference is
that, in the translation from DEL,. to AC, a dollar term administratively creates a coroutine,
which forces us to relate only canonical target representatives, whereas here every DEL e
continuation label is created by a shiftQ term that originates from an operation invocation in
the source.

15See Appendix B.1.1 for the precise definition. We remark that well-formedness is preserved by reduction.
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Correctness of the translation. We shall prove the correctness of the translation in Figure 13.
We first prove that C ~ D forms a simulation.

ProrosITION 4.4 (SIMULATION). The following statements hold.

(1) IfC ~ D and C —>g C’, then there exists a DELqy, configuration D’ such that
D —j D and C' ~ D'

(2) (1) can be lifted onto the general reduction: if C ~ D and C —g C’, then there exists
a DEL,. configuration D’ such that D —>f) D’ and C' ~ D’.

Proor. We prove (1) by case analysis on C —>€ C’, giving only nontrivial cases. The other
cases follow by routine arguments, and (2) follows from (1) together with the fact that an
EFF,,. configuration not in normal form decomposes into an evaluation context and a redex,
and that this decomposition is preserved by the translation. The details are given in the proofs
of Lemma B.9 and Proposition B.12 in the appendix.

Case (op):
Suppose C = (with H handle (H[opV]);6) and C —g C’ = (Mo [V/p,1/k];6),
where

H = {return x — M, ... (oppk — Myp) ...},
g < [/ := Ax. with H handle H [returnx]],
and / is a fresh label. By the definition of C ~ D, there exist T and 7 such that

D = ({(M ) {7}

z.return z>; T>,

where

Ve,

—n

Sok. Ah. (lety = (Sok’. h!injg, (Zn,k’)) in
throw k y h) '
This configuration evaluates to
p <M0p [Zn/p,m/k];‘r'>
%%,
where m and n are fresh, and

et |m = Ax. (let y = returnx in throw ny {H,"}| z.return z),

rE T[n = Ay. <ﬂn [returny]|H§;"> l

Let n” be 5[l := (m,n)]. By the substitution lemma (Lemma B.8 in the appendix), it
follows that
A’[opl7 [ZU/P’ m/k] = Mop[V/p,1/k]

Note that Mop = Mop H, =H . Hy' = Hy', and H” = H, hold since / does not
—=n

n 7/ 7 7’

appear in any of Moy, H, H™, or H°P®, Finally, we conclude

n’

C'~D’,

witnessed by 7. It is straightforward to check that Coh(6’,n’) and Inv(6’,7’,1") hold.
Here, the freshness of /, m, and n gives (C1) and (C2).
Case (throw):
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Suppose C = (throw [ V;8) and C’ = (with H handle H [returnV]; "), where 6(I) =
Ax. with H handle H [returnx] and 6’ def 6[! := nil]. By the definition of C ~ D, there
exist 7 and 5 such that D = <throw () vV, T>,

T(n(l),) = Ax. <lety = returnx in thrown(/), y {H(,),ps}|z.return Z>,

and
(1)) = dv. (Hireturny] | H3).

Thus, D evaluates to
D’ = <<(<7{[return y] n) H%"“‘> [Zn/y] ) {H?,ps}| z.return z>; T’>,
where 7/ % 7[n(l); :=nil, n(/); := nil]. Then, from the substitution lemma, we obtain

<w [return y] n) H§;t> v, /y] = <W [return V] U’ H§;t>.

Therefore, we conclude that
C'~D',
witnessed by n, since

with H handle # [return V] y = <<7—( [returnV] ;;| Hﬁft> {H"}
Note that Coh(6’, n7) holds since Dom(6’) = Dom(#), and that Inv(6’, 7/, i7) also holds.

Case (fail):

Suppose C = (throw![V;8), 6(]) = nil, and C —>g 1. By the definition of C ~ D,
there exist 7 and 7 such that D = <thr0w n(l) KU;T> and 7(n(l);) = nil. Hence, the
invocation of n(/); fails and D evaluates to L, which concludes the current case.

This concludes the proof. O

z.return z> .

PROPOSITION 4.5 (PRESERVATION OF SEMANTICS). Forevery EFF .. program M, Evalgrr,,,
is defined if and only if Evalpgr,,, (M ) is defined.

Proor. We first show the “only if”” direction. Suppose that (M;0) —y (returnV;6)
for some 6. By induction on M, we obtain (M;0) ~ (M;0). By applying Proposition 4.4
iteratively, there exist T and 7 such that (M;0) —;, <returnzn;r>. This implies that
Evalpgr,,,. (M) is defined. We then show the “if” direction. We prove the contrapositive of
the proposition: if Evalggr,,. (M) is undefined, Evalpgy,,,. (M) is also undefined. There are
three cases where Evalggr,,, (M) is undefined: the evaluation of M (1) diverges, (2) gets
stuck, or (3) reaches L. We can check that in each case the evaluation of M diverges, gets
stuck, or reaches L, respectively (Lemmas B.13, B.14, and B.15 in the appendix). Thus,

Evalpgr,,,. (M) is undefined, which completes the proof. i
THEOREM 4.6. EFF . is macro-expressible in DELqe.

Proor. The translation in Figure 13 preserves the semantics by Proposition 4.5, so all we
have to do is to check the syntactic conditions. First, this translation maps EFF ;. programs
to DEL,, programs since it introduces no continuation labels. The translation does not alter
MAM constructors, so it acts homomorphically on them. Also, Figure 13 shows clearly that
the program constructs peculiar to EFF,,. are expressed by syntactic abstractions of DEL ..
Therefore, the translation is a macro-translation. O

(M)
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V,W = ... value M,N ==... computation |[setV W set
|l € Zr reference cell | createV create | get V get

Fig. 14. Syntax of REF

M5 M
(MAM) y
(M;8) —p (M';0)
(create) [ ¢ Dom(0)
create
(createV; 0) —>ﬁ (returnl; [ := V]) (M 6) —>ﬁ (M'";6")
[ € Dom(6) (C[M];6) —r (C[M'];6")
(set)
(set [ V;0) —5 (return ();6[1 := V])
o) =V
(get)

(get I 0) —>§ (returnV; 9)

Fig. 15. Semantics of REF

From Theorem 4.6 together with Theorem 3.13 and the transitivity of macro-expressibility,
we get the following result.

THEOREM 4.7. EFF . is macro-expressible in AC.

4.3 Macro-translation from DEL,. to EFF .

We can also show the macro-expressibility of DELy,. in EFF ., using Forster et al.’s
translation for the multi-shot shift,/dollar.

THEOREM 4.8. Assume that shiftQ is contained in the set of operations O. Then, the
following translation is a macro-translation from DELqpe to EFF .

Sok. M ' shifte {ik. M}
throwVw < throwV W
(M| x.N) ' with {return x — N, shift®p k — p!k} handle M

We omit the proof, since the argument is quite similar to that in the previous subsection.
See Appendix B.2 for the full proof.

5 One-shot effect handlers cannot macro-express asymmetric coroutines

Now that asymmetric coroutines can macro-express one-shot effect handlers, it is natural
to ask whether the converse direction also holds. In this section, we prove that the converse
direction does not hold, which is witnessed by reference cells.

First, we introduce REF, a calculus with ML-style reference cells. Its syntax is defined in
Figure 14; the definition of frames and contexts is omitted since they are the same as those of
MAM. REF programs are the computations with no reference cells. Similarly to the previous
calculi, we use stores and configurations: a store is a partial function that maps reference
cells to values, and a configuration is a pair of a REF-computation and a store. Figure 15
presents the semantics of REF.
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5.1 Non-macro-expressibility of REF in terms of DEL

First, we prove that DEL,,. cannot weakly macro-express REF:
THEOREM 5.1. There is no weak macro-translation from REF to DEL ..
To prove the theorem, we need the following lemma:

Lemma 5.2. If (let x = M in N;0) —y (returnV;0"), then there exist a value V' and a
store 0 such that (M; 6) —, (returnV’;0") and (N[V'/x];0") —} (returnV;6"”).

Proor. By induction on the length of the reduction sequence. Since the frame let x =
[ ] in N contains no dollar frame, redexes for the (shift) rule can occur only within M. The
frame is preserved until M becomes return V’, as the only rule that can consume the frame
is (F). O

ProOF oF THEOREM 5.1. Let Q@ & (Ax. x!x) {Ax. x! x}, and define

case (x,y) of {
Aap(xy) €| (inj, _ injs _) — return () |
_—>Q}

Consider the REF program

let » = createinj, () in
let i = get r in
My = |let _ = setr injg () in
let j = get r in
Aa (i, J)
In REF, the first get returns inj, () and the second get returns injg (), and therefore
Evalggg(M.) is defined.

Suppose that there exists a weak macro-translation - from REF to DEL., and let A eate,
Ager, Aser be the syntactic abstractions corresponding to create, get, and set, respectively.
Then, since - acts homomorphically on MAM constructores, the translation M. has the
shape o

let r = Acreate [injA ()] in
let i = Age[r] in

let _ = Ase[r, injg ()] in |,
let j = Age[r] in

Aa (i, J)

and contains no continuation label. Since Evalggr (M) is defined, so is Evalpgr,,, (M;&):

there exists a store 6 such that
<%; (Z)> —p (return (); 6).

Applying Lemma 5.2 repeatedly to this reduction sequence (note that there is no dollar
frame enclosing %) yields values X, Vi, W, V, and stores 6y, 01, 6>, 3 such that

<ﬂcreate [injA ()], ®> _>B (return X; 90>,
<ﬂget [X]; 90> —p (returnVy;6;),
(Asee[ X, injg )];601) _>ik) (return W; 6,),
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(Aget[X]:62) —p (returnVy; 63), (®)

and moreover the evaluation of Aa g(V1, V2) terminates successfully. Thus, V| = inj, V| and
V2 = injg V; for some values V| and V.

As Figure 6 shows, a reduction of DEL,,. can only store a continuation under a fresh label
or invalidate an existing one; unlike the (set) rule of REF, it never replaces the content of a
valid entry. Hence, when restricted to the labels reachable from Age [ X], 6, differs from 6
only in that some of the entries are invalidated. Since the reduction sequence in (8) results in
a value V5, this implies that no step of that sequence depends on the difference between 6
and 6,. Thus, from the determinism of the reduction, we obtain V; = V,.!® However, this
contradicts V| = inj, Vl' and V, = injg Vz'. Therefore, there is no weak macro-translation
from REF to DEL . O

We remark that this proof does not depend on the one-shotness of continuations. Thus, by
a similar argument, we can prove that multi-shot delimited-control handlers (thus multi-shot
effect handlers) also cannot macro-express reference cells. This proves, in the setting of
macro-expressibility, the conjecture of Kammar and Pretnar that reference cells cannot be
implemented by effect handlers alone [16].
On the other hand, AC can macro-express REF, using the encoding introduced in
Section 3.4:
create V & create RefCell(V)
setVw & resume V (injg. W)

getV £ resumeV (injg, ()

The simulation relation, (M;8) ~ (N; 1), holds if and only if there exists a partial function
N LR — Zac such that:

() N=M,

(2) nisinjective

(3) n(Dom(#)) < Dom(t)

(4) For any [ € Dom(#), if 6(I) = V, then'’

T(n(l)) = {/lx let y = returnx in lOOP!ZU y}.

Note that (4) specifies the correspondence between source reference cells and target coroutines.
THeEOREM 5.3. REF is strongly macro-expressible in AC.

Proor. We can show that M +— M is a strong macro-translation from REF to AC. The
proof proceeds similarly to other correctness proofs (see Appendix C.2 for the details). O

THEOREM 5.4. DEL,ye cannot weakly macro-express AC. Moreover, EFF o also cannot
weakly macro-express AC.

Proor. Suppose that a weak macro-translation from AC to DEL,. exists. Then, by
composing it with a (strong) macro-translation from REF to AC (Theorem 5.3), we obtain a

16T be precise, V; is identical to V5 modulo freshly generated labels. Rigorously proving this part requires
cumbersome analysis of stores; see Appendix C.1 for the details.
loop is defined in Figure 10.
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weak macro-translation from REF to DEL,,., which contradicts Theorem 5.1. The latter
statement follows from Theorem 4.6. ]

One may find Theorem 5.4 counter-intuitive, since effect handlers (and delimited-control
operators) are considered a universal tool for expressing various computational effects, such
as coroutines. This gap arises from the strict condition which macro-expressibility imposes
on translations: a macro-translation should transform programs locally and homomorphically.
This prevents a translation from introducing a global handler—thus effect handlers cannot
macro-express global effects such as reference cells.

5.2 Non-macro-expressibility of DEL,,. in terms of REF

The results obtained so far are that while DEL,. and EFF . are equi-expressive, AC is
strictly more expressive than both; the difference is witnessed by the non macro-expressibility
REF -+ DEL,,.. In this section, to complete the picture, we consider the converse direction
and prove the following theorem:

THEOREM 5.5. There is no weak macro-translation from DELq,e to REF.
Since macro-expressibility is transitive, this theorem implies the following result.

THEOREM 5.6. There is no weak macro-translation from EFF . to REF, and there is no
weak macro-translation from AC to REF.

The gist of the proof of Theorem 5.5 is that REF lacks control effects. The proof proceeds
as follows:

(1) In REF, for any evaluation context &, the following computation cannot terminate
successfully:

Ellet _ = M in Q],

where Q is the diverging computation (Ax. x!x){Ax. x! x}. To successfully terminate
the computation, we need to escape from the let frame when evaluating M, but REF
does not have any facility for this, in contrast to DEL ..

(2) Therefore, for an arbitrary REF context C that expects a value and arbitrary com-
putations M;, REF cannot distinguish the computations C[{let _ = M; in Q}] from
one another.

(3) On the other hand, in DEL,, the computations of the form

({let _ = Sok. return (inj;, ()) in Q}!| x.returnx),

parameterized by variant labels L;, can be distinguished.
(4) Thus, if there exists a weak macro-translation, REF must be able to distinguish the
computations of the form

Agoltar,« | {let _ = Agniro,x [return (inj,, ()] in Q}!, return x|,

where Agoliar, x 15 the syntactic abstraction corresponding to a source dollar binding x
in its additional part, and Agpirio,« 1S the one corresponding to a source shift0 binding
k in its body. However, this contradicts (2).

To avoid clutter, we only sketch the proof of (2) and omit the proofs of the other statements,
which are straightforward to check; see Appendix D for the details.
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ProposiTION 5.7. Let L ] (let _ = [ ] in Q). For any REF computations M and N, the

thunks {L|M]} and {L[N]} are observationally equivalent; that is, for every context C
that expects a value, EvalRgr(C[{L[M]}]) is defined if and only if Evalggr (C[{L[N]}])
is defined.

Proor. It suffices to show the “only if” direction, since the converse direction follows by
symmetry. Suppose that Evalggr (C[{L[M]}]) is defined and let ~ be the congruence relation
on REF configurations generated by { L[M']} ~ {L[N’]} for any REF computations M’
and N’. Then we can prove that ~ forms a lock-step simulation, except for a case where a
thunk of the form { L[M’]} is forced; such a step results in a configuration (E[ L[M']]; 0)
for some evaluation context & and store 6, whose evaluation never terminates successfully by
(1), but this contradicts the assumption that Evalggr (C[{L[M]}]) is defined. Therefore, by
replacing each occurrence of { £ [ M’]} with the corresponding { L[ N’]} in each configuration
in the reduction sequence of C[{L[M]}], we obtain a reduction sequence of C[{L[N]}]
that terminates successfully. Thus Evalggr(C[{ZL[N]}]) is defined. |

6 Related work

Expressive power of control operators. As a finer notion than computability, Felleisen
proposed the notion of macro-expressibility to rigorously compare the expressive power of
two programming languages when one is an extension of the other [8]. This notion was later
adjusted to compare two languages when both are extensions of a common language. Riecke
and Thielecke compared first-class continuations (call/cc) and exceptions in a typed language
and proved that they cannot macro-express each other [27]. Shan relaxed macro-expressibility
into top-macro-expressibility and compared shift/reset with dynamic delimited-control
operators such as control/prompt [28].

More recently, Forster et al. compared three abstractions for user-defined effects: effect
handlers, monads, and delimited-control operators (in particular, shiftO/dollar) [11, 12]. They
proved that, in an untyped setting, the three are all equi-expressive. They also compared the
expressive power in a typed setting, and proved that typed monads can macro-express typed
delimited-control operators but not typed effect handlers. Following Forster et al.’s approach,
Pirdg et al. established typed equivalence between effect handlers and delimited-control
operators in a polymorphic type system [24]. Ikemori et al. extended this result to the
equivalence of labeled effect handlers and labeled delimited-control operators [14].

However, all of these previous studies concentrated on multi-shot control operators, and
to our knowledge, the present paper is the first study to conduct a systematic comparison
of the relative expressive power of one-shot control operators. James and Sabry claimed
that the one-shot yield operator can be seen as a one-shot variant of delimited-control
operators [15], but they did not provide a formal justification. Meanwhile, earlier work
by de Moura and Ierusalimschy examined the expressive power of symmetric coroutines,
asymmetric coroutines, and one-shot subcontinuations in the presence of mutable state [5]. In
contrast, we study the extensions of a base calculus without mutable states, which isolates the
expressive power of each control operator itself: it is exactly the ability to macro-express global
effects such as reference cells that separates coroutines from delimited-control operators,
since macro-translations into DEL,,. are local and hence cannot introduce a dollar enclosing
the entire program (Section 5.1).
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AC

EFFoe Z——— DELqp REF

Fig. 16. Macro-expressibility obtained in this work. An arrow indicates the existence of a strong
macro-translation in that direction, while the absence of an arrow indicates the non-existence of a weak
macro-translation.

One-shot continuations and control operators. Historically, the notion of one-shot contin-
uations was formalized in the Scheme community by Bruggeman et al. [3], who introduced
them as an efficient yet less expressive variant of general (multi-shot) first-class continua-
tions, motivated by the desire to avoid the stack-copying overhead upon invocation. Their
implementation of one-shot continuations, named call/Icc, is available in Chez Scheme [7].

Recently, one-shot continuations have been attracting attention as a means of integrating
control abstractions into mainstream programming languages. Since version 5.0, OCaml
has implemented one-shot effect handlers because they allow smooth integration into
OCaml’s runtime system [29]. Phipps-Costin et al. proposed WasmFX, which extends
WebAssembly with one-shot effect handlers, enabling type-safe non-local control features
such as async/await [23]. Although WasmFX gives types to continuations, it enforces one-
shotness dynamically by aborting execution on a second invocation; OCaml likewise raises a
runtime error. Our calculi model this discipline directly, and we give a first formal account of
what such one-shot control abstractions can and cannot macro-express.

The one-shot usage of continuations has also been studied from a type-theoretic and
semantic perspective. Van Rooij and Krebbers presented Affect, an affine type-and-effect
system equipped with effect handlers and reference cells [31]. In Affect, one-shot and
multi-shot continuations coexist, and their usage is statically tracked by the type system, in
contrast to our untyped setting, where one-shotness is enforced dynamically. From a semantic
perspective, Berdine et al. demonstrated that various control behaviors, such as exceptions,
labeled jumping, and coroutines, can be CPS-transformed into a target calculus with linear
types [2]. Notably, they pointed out that, in these transforms, continuations are used linearly.
Based on this observation, Hasegawa [13] showed that Berdine et al.’s linear CPS is a special
instance of the monadic transforms of the computational lambda calculus [22] into the linear
lambda calculus, and proved its full completeness. It would be interesting to analyze the
expressive power of one-shot control operators from this semantic perspective.

7 Conclusion

This study investigated the expressive power of one-shot control operators, summarized in
Figure 16, resulting in the following two key findings:

(1) One-shot delimited-control operators and one-shot effect handlers can be macro-
expressed by asymmetric coroutines.

(2) The converse direction does not hold, and this non-macro-expressibility is witnessed
by reference cells.
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Previously, the former result was considered trivial; however, we found a gap in the
literature and fixed the problem by introducing reference cells, which can be simulated
using coroutines, and using them to manage the validity of continuations. As this result
demonstrates, establishing such a connection requires rigorous analysis.

The latter result depends on the non-macro-expressibility of reference cells in terms of
effect handlers. Kammar and Pretnar conjectured that effect handlers alone cannot implement
reference cells, while establishing that they can macro-express dynamically scoped state [16].
We proved their conjecture in the macro-expressibility setting, and the proof exploited the
locality of macro-translations.

This non-macro-expressibility result suggests that macro-expressibility is too strict as a
measure for comparing expressive power. We conjecture that, under a suitable relaxation of
the locality of macro-translations, EFF,,. can macro-express REF and AC. One possible
relaxation is to allow macro-translations to insert a fixed context at the root of each translated
term, as Shan did for comparing the expressive power of delimited-control operators [28].
We leave the exploration of this idea for future work.

Comparing the expressive power in a typed setting is an important direction to explore. For
effect handlers and delimited-control operators, there are a number of proposals for their type
systems, including linear/affine ones [30, 31]. Such type systems are particularly interesting
here, since they would enforce one-shotness statically, whereas our calculi detect its violation
dynamically. As Forster et al.’s results indicate, moving to a typed setting can change the
relationships obtained in the untyped setting [12]; whether the macro-expressibility results in
Figure 16 carry over remains open.

Another important direction is to design type systems for one-shot control operators, in the
spirit of Berdine et al.’s linearly used continuations [2], whose examples already include a
restricted form of coroutines. The asymmetric coroutines considered here, however, are much
more general, and the design space for their type systems is correspondingly broad—thus
requiring a systematic approach. An instance of such an approach is Anton and Thiemann’s
type system for coroutines [1], which is derived via a translation to a calculus with the
shift/reset operators and reference cells. Whether a type system can be derived in the same
spirit from our macro-translations remains to be investigated.
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A Supplementary proofs for Section 3
A.l1 Simulation relation
A.l.1 Well-formedness

Definition A.1. For a DEL,. computation M, let LB(M) be the set of continuation labels
occurring in M. For a DEL,. store 8, define

def

LB(6) U{LB(Q(Z)) | I € Dom(8), 0(1) # nil}.

For a DEL, configuration C = (M, 6), define

LB(C) & LB(M) ULB(#).

For AC computations, stores, and configurations, define these functions accordingly.

Definition A.2 (DELqye well-formedness). A DELqy,e configuration (M 0) is well-formed,
written WFpgL,,. ((M; 6)), if and only if

LB({(M;6)) € Dom(0).

ProposITION A.3 (PRESERVATION OF DEL,e WELL-FORMEDNESS). If WFpgL,,. ({M;6))

and (M;0) —p (M’;0"), then WFpgy,

(M’ 0')).
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Proor. We prove this by case analysis on the DEL,,. beta-reduction rule used in the
source step. The surrounding context itself is unchanged by the reduction, so it suffices to
check that the reduct M’ contains only labels already defined in the updated store.

In the MAM cases, no continuation label is generated and the store is unchanged. Every
continuation label occurring in the reduct already occurs in the redex, hence is contained in
Dom(#) by the premise.

In the (ret) case,

{{returnV|x.N);8) —p (N[V/x];6),

and every label in N[V /x] already occurs in N or in V. Hence it already occurs in the premise
and belongs to Dom(6).
In the (shift) case,

(H[Sok. M]|x.N);6) —p (M[I/k]; [l := Ay. (H[return y]| x.N)]),

where [ is fresh. All old labels remain in Dom(6), and the only new label that can occur in
either the current computation or the new store entry is /, which is added to the store domain
by the reduction.

In the (throw) case,

(throw [ V; 0) —p ((H[return V]| x.N);0[l := nil]),

with (1) = Ay. (H[return y]| x.N). The store domain is unchanged, and every label in H,
V, or N already occurs either in the current computation or in the store entry for 6(/) of the
premise. Hence all labels in the reduct lie in Dom(@[/ := nil]).

The (fail) case does not occur. O

Definition A.4 (AC well-formedness). For an AC term E, let AL(E) be the set of active
labels, i.e., labels occurring in a subterm of the form / : M. An AC configuration (N; 7) is
well-formed, written WFAc ({N; 7)), if and only if

(1) WFAc(N) holds;
(2) AL(V) = 0 for every value V € Im(7);
(3) forevery ! € AL(N), t(I) = nil.
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Here, WFAc(N) is a predicate inductively defined by the following rules

AL(V)UAL(M) =0 AL(V) U (U;AL(M;)) = 0
WFc(case V of (x1,x3) — M) WFac(case V of {(inj,, x; — M;);})
AL(V) =0 AL(V) =0 WFac(M)  AL(N) =0

WFac(V!) WFac (returnV) WFac(let x = M in N)
AL(M) =10 WFc (M) AL(N) =10 AL(M)UAL(N) =0
WFac(Ax. M) WFAc(M V) WFAc({M,NY))
WFc(M) WFyc(M) 1 ¢ AL(M) AL(V) =0
WFac(prj; M) WFac(l: M) WFc(create V)
AL(VYUAL(W) =0 AL(V) =0
WFac (resume V W) WFc (yield V)

PRrROPOSITION A.5 (PRESERVATION OF AC WELL-FORMEDNESS). Suppose that (C[M]; 6) is
well-formed and (M 0) —>§C (M’;0"). Then, (C[M']; 6"} is also well-formed.

Proor. We prove the proposition by case analysis on (M; 6) —>’§C (M’;86").
Case (MAM). We prove one representative case. Suppose that (M; 0) _’ﬁc (M’;0") is
(let x = returnV in M; 0) —>§C (M[V/x];6").

Since let x = returnV in M is well-formed, V and M do not contain any active labels, imply-
ing AL(M [V /x]) = 0. By straightforward induction on C, we conclude that (C[M [V /x]]; 6)
is well-formed.

Case (create). Suppose that (M; 0) —>§C (M’;0") is
(create V; 0) —>§C (return/;0[1 := V]),

where [ is a fresh label. Since [ is fresh, [ ¢ AL(C). The well-formedness of create V ensures
AL(V) = 0. By induction on C, we obtain that (C[return/]; 0[] := V]) is well-formed.

Case (resume). Suppose that (M; ) _’ic (M’;0") is
[ € Dom(8) 0(1) + nil
(resume/V; 0) _’ﬁc {d:0D)'V);0][l := nil]).

If [ is active in a well-formed configuration (C[resume !/ V];8), it follows that 8(/) = nil,
but this is a contradiction. Therefore, [ is distinct in (C[l: (8(1)!V)];0[! := nil]) and
mapped to nil in §[/ := nil]. From the well-formedness of (C[resume [ M |; ), we have that
AL(O(1)) = 0 and AL(V) = 0. Then, it is easy to check that this configuration is well-formed
by induction on C.

Case (fail). This case does not occur, as (C[M]; 8) reduces to (C[M’];6’), not L.

Case (ret). This case is immediate from the definition of well-formedness.
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Case (yield). Suppose (M; 6) —>§C (M’;0") is
(I : Hlyield V];0) _)ﬁc (returnV; 0 := {1y. H|[returny]}])

[ is no longer active in (C[return V]; 0[l := {1y. H[return y]}]), while other active labels
remain distinct and are mapped to nil in [/ := {1y. H[return y]}]. Moreover, from the
well-formedness of H [yield V], H and V does not contain any active labels. Therefore, by
induction on C, we see that (C[return V];8[[ := {1y. H[return y]}]) is well-formed. O

Lemma A.6. For an AC computation N and its subcomputation N’, if WFAc (N), then
WFac(N). Moreover, for a store T, WFAc({N; 7)) implies WFsc({(N’; T)).

Proor. The former statement can be proven by routine induction on the structure of N.
Since AL(N”) € AL(N), it is straightforward to check the other side conditions. O

Since the well-formedness of both calculi is preserved under reduction, we do not explicitly
mention it in the subsequent proofs.

A.1.2 Invariants

Definition A.7 (label map). A label map is a partial function
n: f]) - gA X gA.

If n(I) = (mc,m), then mc is the reference cell that represents I/, and m is the coroutine
label that mc may hold as injy,;;q . We parameterize and extend the translation with r, by
translating [ to mc. We call this extension a runtime translation and denote it by A Similarly,
we can extend the runtime translation to a translation on contexts by mapping a hole to a hole.

Definition A.8 (store-map coherence). For a DEL,. store 6 and a label map 1, we define
Coh (8, n) to hold if and only if the following conditions are satisfied:
(C1) Dom(n) = Dom(6);
(C2) the first projection of 5 is injective: if n(l) = (mc,m) and n(l”) = (mc,m’), then
[=1r.

Definition A.9. For a pure DEL,,. context H and a computation M with a free variable x,
define

Cont,,(H,x, M) def {/ly. let x = H [return y]]7 in return {/l_. Mn}}

Definition A.10 (invariant conditions). For a DELgy. store 6, an AC store 7, and a runtime
label map 7, we define Inv(6, 7,77) to hold if and only if the following conditions are satisfied.
(IC1) If (1) = mil and 5(I) = (mc, m), then 7(mc) = RefCell(inji,ya1iqa O)-
IC2) 1f6(1) = Ay. (H|[return y]| x.M) and n(l) = (mc, m), then
(@) 7(mc) = RefCell(injy,jiq m),
(b) 7(m) = Cont,(H,x, M),
(c) if I’ # 1l and n(I") = (mc’,m), then 6(1’) = nil.

Condition (IC1) ensures that a reference cell representing an invalid continuation has
inji,vaiq (). Condition (IC2) states that a valid continuation corresponds to a valid reference
cell containing a coroutine label that realizes the continuation. Moreover, condition (IC2-c)
says that a coroutine label m realizes only one valid source continuation label. In other words,
since the second component of 7 is not necessarily injective, the label m may have more than
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one corresponding source continuations labels, but condition (IC2-c) ensures that only one of
them is valid.
A.1.3  Simulation relation
Definition A.11. For coroutine label m, an AC computation N, and a DEL,. computation
M with a free variable x, define
Acty (N.x, M, m) def let res = m : (letx = N in return {/1_. Mn}) in ’
res! {ref! injy,iq m}
and for an AC evaluation context D,

ActCtx,) (D, x, M, m) def [let res = m : (letx = D in return {/l_. Mn}) in
res! {ref! injy,iq m}

Definition A.12 (core relation). For a label map 7, define a relation Ic Confpgr,,, X
Confac inductively as follows.
For every constructor E among

case V of (x1,x2) —» M, case V of {(inj, x; — m;);}, V!, returnV,

Ax. M, (My, M3), Sok. M, throw V W,

we have the structural clause
. n .
(E:0) 2 (E,;7),
for any 6 and 7.
In addition,

(My1;0) L (Ny;7)

b}

(let x = M, in My;60) ~ <letx =Ny in %77;T>

(M;0) L (N;T) (M:0) L (N:T)
(MV;0) 2 <NZU;T>’ (prj; M;6) 2 (prj; N;7)’

and the dollar clause:
(M1;0) L (Ni;7)  t(m)=nil  Vl,mc.n(l) = (mc,m) = 6(1) = nil
(M| x.M2);0) L (Act,, (N1, x, Ma, m); 7) '

Definition A.13 (core relation on contexts). For a label map 7, define a relation 1.c
CConfpgr,. X CConfac inductively as follows.

one

(C;0) 2y (D;7)
(let x = C in M»;0) <letx =Din %U;T>

([1:0) <c ([ 1),

)

(:0) 1. (D7) (C;0) Lo (D7)
©vie) L (DV, 1)’ (prj; C:6) “o (prj; D:7)’

¢

(C:0) 2, (D;7) 7(m) = nil Vi, mc. n(l) = (me,m) = 6(l) = nil
(Clx.M3);0) “; (ActCtx,; (D, x, M2, m); ) .
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We defined the core relation on configurations, not on computations. This is because the
target configuration has an active coroutine m in it, which additionally requires the two
conditions on the source and target stores. These premises are complementary to the invariant
conditions. The invariant conditions are concerned with continuations to be invoked—thus
suspended coroutines. On the other hand, these two premises are concerned with the current
continuation to be captured—thus the active coroutine m.

We could have included the following structural clause:

(M| xd):0) L (M) xMo) ).

However, we deliberately excluded it because if we reduce the target configuration, we
obtain'®

((Mi]x.M2) i7) —ke (Acty (N1, x, Mo, m): 7).
for some m and 7/, and
(M| x.M3);0) ~ (Act,) (N1, x, My, m);7").

In the simulation proof, we first canonicalize the target configuration and deal only with such
resulting target representatives—which makes, somewhat surprisingly, the proof simpler.

Definition A.14 (core relation with side conditions). For DEL,,. and AC configurations
C =(M;0) and D = (N; 1), we write C Zﬁ D if and only if all of the following hold:
(1) WFpgL,, (C);
(2) WFac(D);
(3) Coh(8.n);
@) Inv(6,T,n);
5) C X D.

Definition A.15 (simulation relation). For DEL,,. and AC configurations C and D, define
C ~ D if and only if either C = D = L, or there exist a label map 7 and an AC configuration
D’ such that

D =D’ and C Qﬁ D’.

A.2  Proof
A.2.1 Lemmas
LEmmMa A.16 (suBsTITUTION). For any DELqy. term E with free variables x1, . . ., Xy,

DELy values Vi, ..., V,, and label map n,

En[ﬂn/xl, . "’ﬁn/x"] = E[Vi/xy,.. "V"/x"]n'

For any DELqye pure context H and DELy,e computation M, and label map 1,
H,[M,]1=H[M] .
Proor. Both are proved by induction on E and H, respectively. O

Lemma A.17. The following AC reductions hold.

18We prove a more general statement in Section A.2.2.
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(1) For fresh h,
(ref! V1) =3¢ (returnl; 7[h := RefCell(V)]),

where 1 is a fresh label.
(2) If 7(l) = RefCell(V), then

(get! (); ) —xc (returnV;7),
(3) If t(l) = RefCell(V), then
(set! W) = (return (); T[h := RefCell(W)]),
(4) (fail'; Ty —3c L.
Proor. By routine calculation. O

LemMa A.18 (PURE cONTEXTS). If H is a pure DELqye context, then for any AC context
D,
(H;0) Lc (Di7)  iff D=H,.

Proor. By induction on H. O
LemMA A.19. If(C;0) 2o (D;7) and (M;60) L (N;7), then
(C[M]:6)  (D[N]:).
Proor. We prove the lemma by induction on the derivation of
(€:0) L (Di7).

If both contexts are holes, then the conclusion is exactly the second premise.
Suppose the last rule introduces a let-frame. Then

C = (letx=Cpin M>), D = (let x = Dy in%n),

and (Cy; 0) R (Dy; ). By the induction hypothesis,
(Co[M];8) 2 (Do[N]; 7).

Applying the let-clause of the core relation gives the required conclusion. The application-
frame and projection-frame cases are identical, using the corresponding clauses of the core
relation.

Finally suppose the last rule introduces a dollar frame. Then

C= <C()|X.M2>, D= ACtCtXU(Do,x, My, m),

with

(Co:0) e (Do), 7(m) = nil,
and

Vi,mc. n(l) = (mc,m) = 6(1) = nil.
By the induction hypothesis,

(ColM]:0) 2 (Do[N]: 7).

The dollar clause of the core relation, together with the two side conditions above, yields

(Co[M]|x.M):0) X (Act,(Do[N].x, My, m); 7).
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Since Act,, (Do[N], x, M2, m) = (ActCtx,, (Do, x, M>, m))[N], this is the desired judgement.
O

LemMma A.20. If
(CIM]:6) 2 (P:7),
then there exist a target evaluation context D and a target computation N such that

P=D[N], (C;0) L (D7),  (M;0) L (N;7).

Proor. We prove the lemma by induction on the structure of C.

IfC=1[],take D =[] and N = P. The contextual relation for holes is immediate, and
the third conclusion is the premise.

Suppose C = (let x = Cp in M,). Then the last rule used in the derivation of
(let x = Co[M] in M»;6) “ (P;7) must be the let-clause of the core relation. There-
fore

P=letx= Py in%l7
for some Py, and

(Co[M];0) L (Po;T).
Applying the induction hypothesis to this gives Dy and N such that Py = Dy[N], (C,; ) ~c
(D,;7), and (M;0) 2 (N;T). Take

D =letx =Dy in%n.
The application and projection cases are the same.

Suppose C = (Cp| x.M3). Then the last rule of the core relation derivation must be the
dollar clause. Hence for some m and Py,

P = Act,)(Po,x, My,m), (Co[M]:0) % (Py;T),
and the side conditions

7(m) = nil, Vi,mc. n(l) = (mc,m) = 6(1) = nil

hold. Applying the induction hypothesis to the subconfiguration involving Py gives Dy and
N such that

Po= Dy[NL,  (Cos0) Lo (Do), (M360) 2 (N7,
Take
D = ActCtx, (Do, x, M2, m).

Applying the contextual dollar clause to (Co;6) <o (Do;7) is justified by (x), and the
equality P = D[N] follows from the definition of ActCtx. O

LemMma A.21. Let V be a DELgy.-value.
(1) IfV,, = (. then V = ()
(2) Ifzn (W, W), then'V = (V{, V) for some V|, V,, with W; = En'
3) Iy, inj;, W, then V = inj V' for some V', with W = V_’n.
(4) Ifzr7 = {P}, then V = {M} for some M, with P = M,
(5) If Zn = [ for some coroutine label I, then V = I’ for some continuation label I’ and
n(l") = (I, m) for some m.



Expressive power of one-shot control operators and coroutines 45

Proor. By case analysis on the syntax of V. The translation is homomorphic on all ordinary
constructors, and the only source values mapped to target labels are source continuation
labels. o

Lemma A.22. If (M, 0) 2 (return W; 1), then there exists a DELoye value V such that
M =returnVand W=V .

Proor. By case analysis on the derivation of (M; 6) 2 (returnW; 7). The only rule
where the outermost constructor of the target AC computation is return is the structural
clause for return. O

LemMma A.23. Suppose & is a pure AC context and
(M;0) L (Elyield{P}]; 7).

Then there exist a pure DELqy context H, a variable k, and a source computation My such
that

M = H[Sok. M1], E=H,, P = Ax. letk:x!in%n.

Proor. We prove the lemma by induction on the derivation of (M; 6) (& [yield {P}]; 7).
If the last rule is the structural clause for Sok. M|, then take H = [ ]. The target computation
is exactly yield {/lx. let k = x! in M, n}.

The structural clauses for product matching, variant matching, force, return, abstraction,
lazy pairing, and throw are impossible because their target computations cannot be written as
a pure-context plugged with a yield term.

In the let case, the target has the form let x = N; in M, . Since the whole target
computation is &[yield {P}] with E pure, the occurrence of yield must lie in N;. Apply the
induction hypothesis to the premise relating the distinguished source subcomputation to Ny,
and then extend the source pure context and the target pure context by the same let-frame.
The application and projection cases are identical.

The dollar clause is impossible. Its target has the form Act,, (N1, x, M, m), which contains
an active labeled computation and therefore cannot be written as a pure context plugged with
a yield term. O

A.2.2 Canonicalization

PROPOSITION A.24 (CANONICALIZATION). Assume WFpgL,,. ((M;6)), WFAC(<M - T>),
Coh(6,n), and Inv(0, T,n). Then, there exist an AC computation N and an AC store T’ such
that

<M77; T> _>1*\C <N’ T,>
and
(M;0) L (N;T"), WFac((N: 7)), Inv(6, 7', 1),
ie, (M;0) Ly (N;7').

Proor. By induction on M. In the cases where M has one of the forms covered by the
structural clauses of 2, take N = Mn andtv' =7t IfM=letx=M,in M, M = M, V, or
M = prj; M,, apply the induction hypothesis to M and then rebuild the constructor by the
corresponding structural clause of 1,
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Finally, suppose M = (M| x.M>). The translation (M| )c.M2>77 evaluates to

def (let res=m: (let x =M, in return {/l_. M, }) in )
N = —n —=n ,

res! {ref 'iNjyyig m}

where m is a fresh coroutine label mapped to nil in the store. Let 7/ be 7[m := nil]. It is
straightforward to check Inv(6, 7/, n7) holds. Apply the induction hypothesis to M;. Then, we
obtain

<%U;T’> —ac (Ni;77)
and

(M1;0) L (Ni;77), WFAc({N1;7")), Inv(6,7”,7),

for some AC computation N; and AC store 7”°.
To obtain

(M:6) Zﬁ let res =m : (letx = N; in return {/l_. %n}) in Y
res! {ref! iNjy,iq m}

it suffices to check the two side conditions of the dollar clause. The condition 7"/ (m) = nil
holds because m is active in every configuration occurring in the reduction of M; ’ under

the frame m : [ ], because that reduction preserves well-formedness by Proposition A.5, and
because the third clause of AC well-formedness forces the content of an active label to be nil.
The condition VI, mc. n(l) = (mc,m) = 6(l) = nil holds vacuously, since m is fresh and
thus occurs in no value of 7. O

CoROLLARY A.25 (INITIAL SIMULATION). For every DELq,. program M,
(M;0) ~ (M;0).

Proor. (M;0) is trivially well-formed, and the empty label map satisfies Coh and
Inv. Checking the well-formedness of <M ; (/)> is straightforward since the computation of
the form / : M is not in the image of the translation and so AL(M) = 0. Then, apply
Proposition A.24. O

A.2.3  Simulation

PrOPOSITION A.26 (SIMULATION OF BETA-REDUCTION). Assume (M 0) Zﬂ (N;T1). Then:
(1) If (M;6) —b L, then
(N;T) =3¢ L.

(2) If (M; 0) —>ﬁ (M’ 0") then there exist N’, T/, i’ such that

(N:T) % (N5T) and (M730) Ly (N'37).

Proor. We prove by case analysis on the beta-reduction rule used in the source.
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Case (MAM). These cases are routine. We spell out one representative case. If M = (let x =
return V in M), then the target must be

N = (let x = return Zn in %77).

Reducing this computation under 7 yields

(Mo, 1V, /x1:7) = (MolV/x] ;)
by Lemma A.16. Then, canonicalize this by Proposition A.24 to obtain the desired conclusion.
Case (ret). Similar to the MAM case.

Case (throw). Suppose M = throw [V and 6(l) = Ady. (H [return y]| x.My). Then

(M:0) >p (H[return V]| x.Mo):0'), & < o[l := nil].
Since (M 6) ,’Zﬂ (N; 1), the last rule used to derive the core relation is the structural clause
for throw. Hence N = throlen. By (C1), there are target labels mc and m such that
n(l) = (me,m). By (IC2),

T(mc) = RefCell(injy,q m), 7(m) = Cont,,(H, x, Mp),

and, if I’ # l and np(I") = (mc’, m), then §(I’) = nil. Put

v € rlme = RefCell(injyyaiiq ), m := nil].
By the definition of the translation of throw, Lemma A.17, and the AC rule for resume, we
have

<thl‘0WlVl7;T> —ic <Act,,(7-{[return V] RS Mo,m);‘r’>.

In the last step, the resumed coroutine m runs Cont,, (H,x, M())!Zn, and Lemma A.16
identifies the body of the coroutine with

let x = H [return V]I7 in return {A_. %77}'

We next check the hypotheses of Proposition A.24 for the source reduct H [return V], the
stores §” and 7’, and the label map 7; the well-formedness conditions are immediate. First,
Coh(6¢’, 1) holds because Dom(6’) = Dom(6), so (C1) is preserved and (C2) is unaffected.
Next, Inv(6’, 77, 17) holds as follows. The label [ is now invalid and its reference cell mc has
the invalid tag, since 6’ (/) = nil and 7’ (mc) = RefCell(injy, a4 ())- All other invalid labels
in 6’ keep their old invalid cells. Thus (IC1) for Inv(6’, 7/, ) holds. If [’ is valid in €’, then
I’ # 1, and by (C2), the first component of 77(1") is not mc. Moreover its associated coroutine
cannot be m; if so, (IC2-c) for the old valid label / would imply 6(!”) = nil. Thus the store
contents relevant to I’ are unchanged from 7, and (IC2) follows from Inv(8, 7,77).

By applying Proposition A.24 with M taken as H [return V], we obtain an AC computation
N’ and an AC store 7”7 such that

<7{[return V] »; T’> —ic (N';7”7) and (H[returnV];6’) Zﬂ (N";7").
This reduction takes place in the body of the active coroutine m, so it lifts to
<Act,,(7{[return V] ]7,x,M(),m);T > —ic (Act, (N, x, Mo, m); 7""),
and hence (N; 1) =% (Act,(N’,x, Mo, m);7").
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It remains to show ((H [return V]| x.My);0’) Zti <Act,, (N, x, My, m); ‘r”>. The two
well-formedness conditions, Coh(6’, 1), and Inv(6’, 7”, n7) are all supplied by (H [return V]; 6’) Qﬁ
(N’;7"") obtained above; note that it is 7/, not 7/, for which the invariant conditions are
thereby established. For the core relation, we apply the dollar clause to (H [returnV]; 6”) b
(N’; 7"}, so it suffices to check its two side conditions

"(m)=nil and VI',mc".n(l") = (mc’,m) = 6’ (') = nil.

The former holds as follows. The label m is active in every configuration occurring in
the lifted reduction above, since each step of that reduction takes place inside the frame
m : [ ]. Moreover, the first of these configurations is well-formed, because 7’ (m) = nil by the
definition of 7/, and hence so are all the others by Proposition A.5. The third clause of AC
well-formedness thus gives 7"/ (m) = nil. As for the latter, (IC2-c) of Inv(6, 7, 1) tells us that
the label / is the only valid continuation label defined in 6 that is associated with the coroutine
m. This label is no longer valid in 6", which implies that the condition above is satisfied.

Case (shift). Suppose
M = (H[Sok. M]| x.M3),

where H is a DEL,,. pure context. Let / be the fresh continuation label generated by the
source reduction, and put

0 € 91 := Ay. (H[return y]| x.M))].

Then
((H[Sok. My]|x.My); 0) =5 (M [1/k1;6).

Since (M 9) ,’lﬁ (N;7), the last rule used to derive the core relation is the structural rule
for the dollar clause. Hence there exist an AC computation Ny and a coroutine label m such
that

N = Act,, (No, x, M>, m),
(H[Sok. Mi1:6) * (Nos7),  7(m) = nil,
and
Vo, mcg. n(ly) = (mcy,m) = 6(lp) = nil.
By Lemma A.20 applied to the pure context H, together with Lemma A.18, we may write
No = H, |vield {du. tet k = ut in My 1],

where u is chosen fresh.
We now compute the corresponding target reduction. In the active coroutine m, (yield)
occurs under the pure target context

let x = H in return {/l_. &n}'
Therefore,
(N; 1)y >he <{/lu let k = u! in %U}! {ref!injyyiqam}; v[m := Cont, (H,x, Mz)]>.
Reducing the force of the yielded thunk gives

<let k = {reftinjyyigm}! in My slm = Cont, (H,x, Mz)]>.
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By Lemma A.17, for a fresh coroutine label mc, we have
<{ref! injy,iiq m} ;5 7[m := Cont, (H, x, Mz)]>
—ic (returnmc; t[m := Cont, (H,x, M), mc := RefCell(injy,;q m)]).
Hence the whole target computation reduces to
<%77 [mc/k];t[m := Cont,, (H,x, M>), mc := RefCell(injy,;q m)]>.

Define
, def
n = nll = (me,m)]

and
— 7[m := Cont,, (H,x, M>), mc := RefCell(injy,;q m)].
Since [ is fresh, it does not occur in My, H, or M,. Therefore Lemma A.16 gives

My [me/K] = Mill/k]

—77’ )
Moreover,
Cont,,(H,x, M>) = Cont,, (H, x, M>),
again because [ is fresh for H and M.
We verity the side conditions for

MUK Ty (MK 5T,

First, WFpgL,,. ((M1[{/k]; 6")) follows from the freshness of / and from preservation of
DEL,,.-well-formedness. Next, Coh(6’,n’) holds: (C1) because both 6 and 7 are extended
by the same fresh label /, and (C2) because the new first component mc is fresh. We now

check Inv(60’,7’,1"). For the new label /, we have
0’ (1) = Ay. (H|[return y]| x.M,), n’'(l) = (mc, m),
and by definition of 7/,
7’ (mc) = RefCell(injy;q m), 7’(m) = Cont,, (H, x, M>) = Cont,, (H,x, M>).

Thus (IC2-a) and (IC2-b) hold for L. If [y # [ and 1’ (ly) = (mcg, m), then [y € Dom(n). The
side condition of the outer dollar clause gives 8(ly) = nil, hence 6’(ly) = nil. Therefore
(IC2-c) also holds for the new valid label /.

For an old label /y € Dom(7), the only store entries changed from 7 to 7’ are those at m
and at the fresh label mc. If [ is invalid, then (IC1) remains true because its first component is
not mc, by freshness, and its old cell is unchanged. If [y is valid, then its associated coroutine
cannot be m: otherwise the side condition

Vly, mco. n(l) = (mco,m) = 6(lp) = nil

would force 6(ly) = nil, a contradiction. Hence the target entries relevant to such an old valid
label are unchanged, and (IC2) follows from Inv(8, 7,7). Thus Inv(6’, 7’, ") holds.

Finally, apply Proposition A.24 to M, [l/k], 8", 7", and ’. We obtain some AC computation
N’ and AC store 7"’ such that

(Mll/K] i7) —ac N7

and )
(M [1/K): 07y Ly (N':77).
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Combining the reductions above gives
(N5T) >he (N3 T,

Case (fail). Suppose M = throw/V and 6(!/) = nil. Then (M; ) —>’§ 1. As in the previous
case, the core relation must be the structural clause for throw, so N = throw [V - By (C1),
write n(I) = (mc, m). Since (/) = nil, (IC1) gives

7(mc) = RefCell(injiyyq1ig ())-
Therefore, by the definition of the translation and Lemma A.17,

(throw [V, :7) >k (faill;T) —he L.

ProrosiTioN A.27. Assume

(M;0) 2y (N;7), (C:0) 2 (D7), WFpEL,,. ((C[M];6)),

WFAc((D[N]; 7).
Then,

(1) If (M;0) =5 L, then
(DIN];7) =) L

(2) If (M; 0) —>§ (M’; 0") then there exist N’, T/, n’ such that

(N;T) >he (NT), (CIML0) Ly (DINLT), (G0 o (DiT).

Proor. We prove the proposition by induction on the derivation of

(€;0) Lo (Ds7).

IfC=[]and D = [ ], the result is exactly Proposition 3.9. Indeed, in the non-error case,
Proposition 3.9 gives

(N3 1) =4 (N3 T7) and (M’ 6") Z,ﬁ (N’;7").

The contextual relation )
([1:0) Lo ([1:7)
follows from the empty-context clause.

If the last rule of the derivation of the contextual relation is a pure-frame rule, the induction
hypothesis gives the desired target reduction and the desired relation for the immediate
subcontext. We then rebuild the same pure frame by the corresponding clause of the contextual
core relation and by the corresponding clause of the core relation on computations. The source
well-formedness of the rebuilt configuration follows from preservation of DEL,.-well-
formedness, and the target well-formedness follows from preservation of AC-well-formedness
along the target reduction. The conditions Coh and Inv are supplied by the induction hypothesis
and do not depend on the outer pure frame. This proves the pure-frame cases.

It remains to consider the dollar-frame case. Thus the last rule is of the form

(Co;0) 2o (Do 1) 7(m) = nil Vi,mc. n(l) = (mec,m) = 6(l) = nil
(Col x.Mp); 6) g (ActCtx,; (Do, x, My, m); T) '
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Therefore
C = (Cy| x.My), D = ActCtx,, (Do, x, M2, m).
First suppose that
(M; 0) —>€ 1.

By the induction hypothesis applied to the premise

(Co;0) Le (Do),
we get

(Do[N]; 1) —)c L-
Since

DI[N] = (ActCtx,, (Do, x, M2, m))[N] = Act,,(Do[N], x, M2, m),

contextual closure of — ¢ yields

(D[N]; 1) =)¢ L

This proves the error part in the dollar-frame case.
Now suppose that

(M:0) —5 (M 0').

Applying the induction hypothesis to the premise
(Co:0) e (Do:7)

gives target data N’, 7/, and ;’ such that

(N;T) =3 (N3 T'),

(ColM'1:6') Ty (Do[N']:7"),

and

(Co:0") e (Do:T').

We have to rebuild the outer dollar frame. For this, it suffices to prove that the two side
conditions of the dollar clause are still valid:

7/ (m) = nil
and
Vi,mc.n' (1) = (mc,m) = 6’(l) = nil.
We verify (%) and (%) by inspecting the source beta reduction rule used in
(M;0) = (M';0").

For the MAM cases and for the (ret) case, the label map is not extended with any source
continuation label associated with the outer coroutine m, and no store entry associated with
m is modified. Hence both () and (=) follow immediately from the premises of the outer
dollar frame.

Consider the (throw) case. Let the valid label used by the throw be Iy, and write

n(lo) = (mco, mg).
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In the target reduction, mcy is invalidated, and the coroutine my is set to nil. We claim that
mo # m. If mg = m, then the side condition of the outer dollar frame would imply

0(lp) = nil,

contradicting the assumption of the (throw) rule. Hence the throw does not change the store
entry at m, and it does not create any new label mapped to m. Therefore (*) and () are
preserved.

Finally consider the (shift) case. In this case the local redex has the form

(H[Sok. M1]|y.Mo),
and the proof of Proposition 3.9 introduces a fresh label /ey, and extends the label map by
n,(lnew) = (mcnew, mO);

where my is the coroutine label used by the inner dollar clause for this redex. We claim that
mg # m. Indeed, if my = m, then the target configuration (D[N]; t) would contain two
active occurrences of the same coroutine label m: one from the outer dollar frame and one
from the inner dollar frame. This contradicts the assumed well-formedness

WFAc((DIN]; 7).

Thus mq # m. Since the newly added source label is associated with mg, not with m, condition
(*=) is not affected by the fresh extension of r7. Moreover, the store update performed by the
shift changes the entry at mg, not at m. Hence (x) is also preserved.

Therefore, we can now rebuild the contextual relation for the outer dollar frame:

((Colx.M2);6') %o (ActCtx,y (Do, x, Ma,m); 7).
Since the extension from 7 to " is on labels fresh for the outer context and for M,, we have
M, =M, .
_27]’ _2]7
Hence the target context above is the same target context 9, now considered with the updated

label map and store.
From the induction hypothesis we also have

(CoIM'1:6) Ly (DoIN']: 7).
In particular,

(Co[M'1;0') % (Dy[N']; 7).
Using the dollar clause of the core relation together with (x) and (), we obtain

(Co[M|x.M2); 6"y L (Act,y (Do[N'],x, My, m); T').

This is exactly

(CM');6) T (DIN']; 7).

Finally, the well-formedness conditions required for

(C[M'];6"y Ly (DIN'];T")
follow from preservation of source and target well-formedness, while Coh(6’,n’) and
Inv(6’,7’,n") are inherited from the induction hypothesis applied to

(Colx.M); 0y Lo (ActCix,y (Do, x, My, m); 7).
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Therefore,
(CIM'];6')y Ly (DIN']:7")
holds, as required. |

THEOREM A.28 (SIMULATION). If C ~ D and C —p C’, then there exists an AC configura-
tion D’ such that
D —icD" and C'~D'.
Proor. Since C —p C’, the configuration C is not L. By the definition of ~, there exist
an AC computation P, an AC store 7, and a label map 7 such that
D —ic (Pit) and C 2y (Py7).
Write C = (My; 0). By the definition of —p, the source step decomposes into an evaluation
context and a beta-reduction step. Thus, there exist a DEL,, evaluation context Cy and a
DEL,,. computation M such that
My = Cy[M]
and either
(M;0) =5 L and C' =1,
or there exist a DEL,. computation M’ and a DEL;, store 6’ such that
(M 0) —>ﬁD (M’;0"y and C’' ={Cy[M’'];¥’).
From
(ColM1;0) 2y (P;7)
we obtain in particular
(Co[M];6) < (P;7).
By Lemma A.20, there exist an AC evaluation context Dy and an AC computation N such
that
P = Dy[N],
(C0) Lo (Dost),  (M:6) L (N:7).
The side conditions contained in (Co[M]; ) ~4 (Do[N]; 7) restrict to the subconfiguration;
thus,
(M;8) Ly (N;7).
Moreover, the well-formedness assumptions required by Proposition 3.10 follow from
(Co[M];0) ~4 (Do[N]; 7). We now apply Proposition 3.10 to
(M;0) 24 (N:7) and (Co36) Lo (Do:7).
First suppose
(M;6) =8 1.
Proposition 3.10(1) gives
(Py7) = (Do[N];7) =3¢ L
Combining this with D —, . (P; 1) yields
D —j¢ L.
As C’ = 1, we have C’ ~ L by the definition of the simulation relation. Thus we may take
D' =1.
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Next suppose

(M;60) = (M'30').
Proposition 3.10(2) yields an AC computation N’, an AC store 7/, and a label map n’ such
that

(N:1) =3¢ (N T7),
and /

(Co[M'1:0") Ly (Do[N'];7').
By the definition of —ac, we obtain
(Do[NT; 1) = (Do[N']; 7).

Since P = Dy[N], composing with D —7 . (P; 1) gives

D —3c (Do[N']; 7).
Also, because

C" =(Co[M'];0"),
we obtain
C’" ~(Do[N'];7")
by the definition of the simulation relation, with no target administrative step. O
A.2.4 Non-termination preservation
The next definition collects the shapes that an evaluation frame can consume.
Definition A.29 (head-shape matching). For a DEL,. computation M and an AC compu-

tation N, we write M > N if all of the following hold:

(H1) if N = return W, then M = return V for some DEL,,. value V;

(H2) if N = Ax. Ny, then M = Ax. M for some DEL,,, computation Mp;

(H3) if N = (N1, N,), then M = (M, M») for some M| and M>;

(H4) if N = Elyield W] for a pure AC context &, then M = H[Sgk. My] for a pure
DEL,,. context H, a variable k, and a computation M.

Conditions (H1) and (H4) are the conclusions of Lemma A.22 and Lemma A.23; conditions
(H2) and (H3) are their analogues for abstractions and lazy pairs.

We say a DEL,. or an AC configuration C is stuck if C is neither L nor a return
configuration, and no reduction rule is applicable to C. We also say C is irreducible if no
reduction rule is applicable to C; thus a stuck configuration is irreducible, while a return
configuration is irreducible but not stuck.

Lemma A.30. Assume (M;0) Eﬂ (N; 1) and that (M 0) is irreducible. Then there exist
an AC computation N’ and an AC store T’ such that

(N;7) =pc (N3 T7),
the configuration (N’; 1’} is irreducible, and M > N’.
Proor. We prove the statement by induction on the derivation of
(M;0) L (N;7).
Since (M;6) <y (N;7) holds, WFpgr,,,. ((M;8)) and Inv(6, 7,7) hold.

one
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We consider the clauses where the target term is exactly the runtime translation of the
source term. In all of them the store is unchanged, so we take 7’ = 7; and we take N’ = N
except for the throw term, where the target does take administrative steps.

Suppose first that

M = case V of (x1,x3) — M.
Then
N = case K;, of (x1,x3) — %77'

Since (M 0) is irreducible, the value V is not a pair. By Lemma A.21, Z" is not a pair either.
Therefore the target product-matching term is not reducible. It also has no distinguished
subcomputation to reduce, so (N; 7) is irreducible. As the outermost constructor of N is a
product matching, none of (H1) to (H4) has its premise satisfied, so M > N holds vacuously.
The variant-matching case and the force case are similar.

In the cases

M =returnV, M = Ax. M, M = (M, M),

N is the runtime translation of M, which has the same outermost constructor. These
computations have no beta-reduction rule and contain no reducible subcomputation, so their
translations are irreducible as well. For M > N, the premise of exactly one of (H1), (H2) and
(H3) is satisfied, and its conclusion holds because M has that same outermost constructor;
(H4) cannot happen.
If
M = Sok. My,

then, by the translation in Figure 10,
N = yield {1u. let k = ulin My, }

for a fresh variable u. A yield-redex exists only inside an active labeled computation. This
term is not under an active label, so the target configuration is irreducible. Only the premise
of (H4) is satisfied, with & = [ |, and its conclusion holds with H = [ ].

Finally suppose M = throwV W (and so N = throw V W 7]). Since (M; 0) is irreducible
and source well-formedness holds, V cannot be a continuation label. Indeed, if V = [, then
well-formedness gives / € Dom(#), and hence either 6(/) = nil, in which case the source
(fail) rule applies, or 8(/) # nil, in which case the source (throw) rule applies. Both contradict
irreducibility.

By Lemma A.21,V . is not a coroutine label. In the reduction of N, the fixed administrative
redexes for get are executed first; after that, the computation has the form

N’ = let zc = resume V,, (injge ()) in No

for the variant matching Ny of Figure 10; these steps leave the store unchanged. Since Zn is
not a coroutine label, no AC rule can be applied to the distinguished subcomputation, and
the (let) rule cannot be applied either, so (N’; 7) is irreducible. Thus, N reduces in finitely
many steps to an irreducible target configuration. Its outermost constructor is a let and its
distinguished subcomputation is a resume term, so, as above, none of (H1) to (H4) has its
premise satisfied and M > N’ holds vacuously.

Then, we show the inductive step by case analysis on the last rule used to derive
(M:0) 2 (N:7).
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Let case. Suppose the last rule is the let clause:

(My;60) L (Ni;7)

(let x = M; in M>;0) 2 <letx =Niin %n;‘r>

Since (let x = M| in M;; 0) is irreducible, the subconfiguration (My; 8) is irreducible and
Mj is not of the form return V. By the induction hypothesis, there are N| and 7’ such that

(Ni;T) =ihc (N3 T7),

the configuration <N { ; T’> is irreducible, and M; > N ; . By (H1), the computation N ; is not
of the form return W. Hence

<letx = Np in %n;r> —A\C <letx = Ny in @";T’>.
The target configuration is irreducible: the subcomputation Nj is not reducible, and the (let)
rule cannot be applied since N is not a return computation.

It remains to check let x = M; in M, > let x = Ni in &n' The premises of (H1),
(H2) and (H3) are not satisfied, since the outermost constructor of the target is a let.
For (H4), suppose the target is &[yield W] for a pure AC context &. Then & is not [ |,
s0 & = (let x = &; in %U) for a pure context & with N| = &;[yield W]. By (H4)
for My > N{, we get My = H;[Sok. Mo] for a pure DELq,. context H,, and therefore
let x = My in M, = H[Spk. My] for the pure context H = (let x = H, in M>), as required.

Application case. Suppose the last rule is the application clause, so
M=MYV, NEN1ZU,
with
(M1:60) % (Ni;7).
Since (M, V; 0) is irreducible, the subconfiguration (My; 6) is irreducible and M is not an
abstraction. By the induction hypothesis, (N1; 7) reduces to an irreducible target configuration

<N{; ‘r’> with M; > Nj. By (H2), this target computation N7 is not an abstraction either.
Therefore

<N1 KU;T> —Ac <N1’ ZU;T/>’
and the target configuration is irreducible. The check of MV > N[V, . is as in the let case,

with the application frame in place of the let frame.

Projection case. Suppose the last rule is the projection clause. Then
M = prj; My, N = prj; Ny,
with
(My;60) L (Ny;7).

Since the source projection is irreducible, {(M; ) is irreducible and M is not a lazy pair. By
the induction hypothesis, (N1; 7) reduces to an irreducible target configuration <N 1 T’> with
M, > N{, and by (H3) the computation N is not a lazy pair either. Hence

(prj; Ni37) —c (Pri; N 7).

and the target configuration is irreducible. The check of prj; M| > prj; N] is again as in the
let case.
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Dollar case. Suppose the last rule is the dollar clause. Thus
M = (M| x.M>), N = Act,, (N1, x, M>, m),

and
(M136) L (Npi;7),  7(m) =nil,
together with the side condition that every source label mapped to the coroutine m is invalid.

Since ((M{| x.M3); 6) is irreducible, M; cannot be reduced, cannot be a return computation,
and cannot be of the form H [Sok. My] for any pure context H. These are exactly the three
ways in which a dollar term can reduce: by reducing its body, by the ret rule, or by the shift
rule.

By the induction hypothesis, (Ny; ) reduces to an irreducible target configuration <N 15 T’>
with My > N{. By (H1), the computation N7 is not a return computation; by (H4), it is not of
the form &[yield W] for a pure target context &.

Therefore

<Act,7 (N1, x, M, m); T> —AC <Act,7 (N{,x, M>,m); T’>.
The target configuration is irreducible: its distinguished subcomputation N| cannot step, the
(F) rule for the let frame cannot be applied since N| is not a return computation, and the
(yield) rule also cannot be applied since N7 is not a pure-context occurrence of yield. Finally,
M > Act,, (N]’ ,Xx, M, m) holds vacuously: the outermost constructor of Act,, (N ; , X, My, m)
is a let, and its distinguished subcomputation is the labeled computation m : . . ., which is not
a pure-context occurrence of yield. O

ProrosiTiON A.31. Assume (M;0) Zﬂ (N; 7). If (M; 0) is stuck, then (N; T) reduces to
a stuck configuration, i.e., there exist an AC computation N’ and an AC store T’ such that
(N;1) =c (N'57’) and (N'; 1) is stuck.

Proor. Since (M;0) is stuck, it is irreducible and M is not of the form returnV.
Lemma A.30 therefore gives an AC computation N and an AC store 7’ such that (N; 7) —7
(N’; 1), the configuration (N’; 7’} is irreducible, and M > N’. By (H1), the computation N’
is not of the form return W. Hence (N’; 7’) is neither L nor a return configuration, and no
reduction rule applies to it; that is, it is stuck. O

CoroLLARY A.32. If C ~ D and C is stuck, then there exists an AC configuration D’ such
that
D =\ D’
and D’ is stuck.

Proor. Since C is stuck, it is not L. Hence write C = (M §). By the definition of ~, there
exist an AC configuration Dg and a label map 7 such that

D —icDo and  (M;6) Yy Dy.
Write Dy = (N; 7). Proposition A.31 gives N” and 7’ such that
(N;1) =) (N5 T")

and (N’; 7’} is stuck. Composing this reduction with D —>j;c D, we obtain the desired stuck
target configuration. O

Lemma A.33. IfEvalpgr,,,. (M) diverges, then Evalac(M) also diverges.

one
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Proor. By Corollary A.25 and repeated use of Theorem A.28. Each source step induces
at least one target step. O

Lemma A34. If (M;0) —, L, then <M;0> —1ic L
Proor. By Corollary A.25 and repeated use of Theorem A.28. O

A.2.5 Strong macro-expressibility
THEOREM A.35 (PRESERVATION OF SEMANTICS). For every DELqne program M, Evalpgy,,,. (M)
is defined if and only if Evalac (M) is defined.

Proor. We prove the two directions separately.
First suppose that Evalpgr,, (M) is defined. Then there exist a DELgp.-value V and a
DEL,,.-store 6 such that

(M;0) —p (returnV; ).
By Corollary A.25,
(M;0) ~ (M:0).
Repeatedly applying Theorem A.28 along the source reduction, we obtain an AC-configuration
D such that

(M;0) >3c D and (returnV;6) ~ D.

By the definition of ~, either both configurations are L, which is impossible because the
source configuration is (return V; 8), or there exist an AC-computation N, an AC-store 7,
and a label map 7 such that

D = (N;T) and (returnV; 0) Qﬁ (N;T).
By the definition of ~y, the last item contains
(returnV; 0) 0 (N;T).
By Lemma A.22, there exists an AC-value W such that
N =return W.
Hence
(M;0) -\ (return W; ),

and therefore Evalac (M) is defined.
We prove the converse direction by contraposition. Assume that Evalpgy, (M) is undefined.

‘'one

Since —p is deterministic, exactly one of the following alternatives holds.
(1) The source evaluation diverges. Then Evalac (M) diverges by Lemma A.33.
(2) The source evaluation reaches the error state L. Thus
(M;0) —f) L.
By Lemma A.34,
(M:0) =3¢ L.
Since —ac is deterministic and L is not a return configuration, the target cannot also
terminate successfully.
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opV E  Sok. Ah. (lety = (Sok'. h!inj,, (V,K')) in
throw k y h)
throw Vv, V, def throwﬁ&
with H handle M &' ({M|H™) {H*"}| z.return z)

where ({return x — My, ...})"™ = x.A_. My
({return x — M., (op; p; k; — M;);})°P
= Ac. case c of {(inj,, (pi, ki) — M;);}

Fig. 17. Translation from EFF e to DELpe

(3) The source evaluation reaches a stuck configuration. Then there exist a DELc-
computation M’ and a DELy.-store 8 such that

(M;0) —p (M';0),

the configuration (M’;0) is stuck; in particular, M’ is not of the form returnV.
By Corollary A.25 and repeated applications of Theorem A.28 along this source
reduction sequence, there exists an AC-configuration D such that

(M;0) -3 D and (M';0) ~D.
By Corollary A.32, there exists an AC-configuration D’ such that
D =\ D’
and D’ is stuck. Therefore
(M:0) —jc D"

Since —4c is deterministic and a stuck configuration is not a return configuration,
the target cannot also reduce to a return configuration. This implies that Evalac (M)
is undefined.

Therefore, in all cases, Evalc (M ) is undefined. O

THEOREM A.36 (STRONG MACRO-TRANSLATION). The translation M +— M of Figure 10 is a
strong macro-translation from DELg. to AC.

Proor. The translation maps every DELye program to an AC program and is homomorphic
on the MAM constructors by definition. Every constructor peculiar to DELy. is translated
by a fixed syntactic abstraction, as shown in Figure 10. The preservation of semantics is
shown by Theorem A.35. O

B Supplementary Proofs for Section 4
B.1 From EFF,, to DEL,

In this section, we prove the correctness of the macro-translation defined in Figure 17.
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B.1.1 Well-formedness
Definition B.1. For an EFF ;. computation M, let LB(M) be the set of continuation labels
occurring in M. For an EFF . store 6, define
U{LB(Q(Z)) | 1 € Dom(6),0(1) # nil}.

For an EFF,, configuration C = (M 0), define LB(C) & LB(M) ULB(9).

LB(6) &

Definition B.2 (EFF . well-formedness). An EFF . configuration (M 6) is well-formed,
written WFgpr__((M; 60)), if and only if

LB({(M;6)) C Dom(0).

ProposITION B.3 (PRESERVATION OF EFF,,. WELL-FORMEDNESS). If WFgFr,,, ({M;6))
and <M; 9> g ) <M'; 9’), then WFEFFone (<M’; 9')).

Proor. We prove this by case analysis on the EFF ;. beta-reduction rule used in the
source step. Since an evaluation context is unchanged by the reduction and LB(C[M]) =
LB(C) U LB(M), it suffices to check that the reduct contains only labels defined in the
updated store.

In the MAM cases and the case (ret), no continuation label is generated and the store is
unchanged. Each of these rules reduces a redex to a term built from its subterms, so every
continuation label occurring in the reduct already occurs in the redex, and the claim follows
from the premise.

In the case (op), we have

(with H handle (H[op V1);0) —g (M;[V/p;.1/k;];60"),
g < 0]l := Ax. with H handle H [returnx]]

for a fresh label / ¢ Dom(#). The reduct contains only the labels occurring in the redex
together with the fresh label /, all of which belong to Dom(6’) = Dom(8) U {/}. The new
store entry contains only the labels occurring in H and H, which occur in the redex and
hence belong to Dom(8). The other entries are unchanged.

In the case (throw), we have

(throw [ V;0) —g (with H handle H [returnV]; [/ := nil]),

where 6(1) = Ax. with H handle /[return x]. The reduct contains only the labels occurring
in 6(I) and in V; the former belong to LB(#) € Dom(6) by the premise, and the latter to
LB(M) € Dom(#). Since Dom(8[! := nil]) = Dom(8) and LB(8[/ := nil]) € LB(8), the
claim follows.

In the case (fail), the configuration reduces to L, for which the claim is vacuously true. O

We use label maps: here a label map is a partial function np : £ — %p X £p that sends
an EFF . continuation label [ to a pair n7(!) = (n({)1,n(l)2) of DEL, continuation labels.
The label map 7 keeps track of the source-to-target correspondence between continuation
labels. We then parameterize and extend the translation with n by

def
1, € 0.
provided n () is defined. We call this extension a runtime translation and write it as -

; we
—n ’
extend runtime translations to translations on contexts by mapping a hole to a hole.
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Using label maps and the runtime translation, we define coherence conditions and invariant
conditions.

Definition B.4 (coherence conditions). For an EFF . store 6 and a label map 7, we define
Coh (8, n) to hold if and only if the following conditions are satisfied.

(C1) Dom(6) = Dom(n);

(C2) foralll,I’ € Dom(6) and i, j € {1,2},if n({); =n(l’)j,thenl =1"and i = j.

Definition B.5 (invariant conditions). For an EFF . store 8, a DEL,,. store 7, and a label
map 1, we define Inv(6, 7,7) to hold if and only if the following conditions are satisfied for
every [ € Dom(6).

(IC1) n(l); € Dom(t) and n(1); € Dom(7);

IC2) if 6(1) = nil, then 7(n(l);) = nil;

(IC3) if (1) = Ay. with H handle H [return y] for an EFF,. handler H and an EFF .
pure context H, then

7(n(l),) = Ax. <let y = returnx in thrown(/), y {H;’,ps}|z.return Z>,
T(n(1)2) = . (Hireturny] | H),

where H %ps (resp. H ;73‘) denotes the translation of the operational clauses (resp. return clause)
of H with respect to 7.

Definition B.6 (simulation relation). For an EFF,. configuration C and a DELgp
configuration D, we write C ~ D if and only if either C = D = L, or there exist an EFF
computation M, a DEL,. computation N, an EFF, store 6, a DEL,. store 7, and a label
map 7 such that

(1) C=(M;0)and D = (N;1);
@) N=M,;

(3) WFgrF,, (C);

(4) Coh(6,n) and Inv(6, 7,n).

Intuitively, (M; 0) ~ (N; 7) means the correspondence between the two configurations: M
is translated into N and the continuations stored in 6 are translated into those in 7.

LemmMma B.7. The following statements hold.
(1) For any EFF . computation M, (M ;) ~ <M, 0> holds.
(2) For any value V, {returnV;0) ~ (N; ) implies that N = return Z" for some 1.

Proor. By case analysis on the source configuration. O
LemMma B.8. If an EFF ... computation M has the free variables x1, . . . x,,, then we have

M[Vi/x1,..., V"/x"]n =M, [ﬂﬂ/xl, e ,ﬁn/xn]for any values Vi, ...V, and n.

Proor. By straightforward induction on M. For example, if M = M| M, then
M[V]/X], .. -’Vn/xn]T7 = (Ml MZ)[Vl/xl’ cee ,Vn/xn],7
= M1 [Vl/xl, e ,Vn/xn]q Mz[Vl/xl, ey V"/x"]n
= (My, Vi, 51,V J5a]) (Ma, (Vi 3,V f])
= (%n%n)[ﬁn/xlv c . 7ﬁ77/xn]'
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[m]

Lemma B9. IfC ~ D and C —>’g C’, then there exists a DELqye configuration D’ such
that D —{ D" and C' ~ D’.

Proor. We prove by case analysis on C —>’é C’. For the sake of brevity, we consider a few

non-trivial cases.

Case (op):
Suppose C = (with H handle (H[opV]);6) and
C—gpC = <M0p[V/p, I/k]; 9,>,

where ¢’ &' 0[! := Ax. with H handle H [returnx]], H = {return x = M, ... (opp k >

Mgp) ...}, and [ is a fresh label. By the definition of C ~ D, there exist T and 5 such that

D= <<<N| H:;t> {H?]ps})z.returnz>; T>’
where
N lSOk' Ah- ety = (Sok’- bt injop (V.- k') inl.
- throw k y h)
The configuration D evaluates to

p <@n [Zn/p’m/k];T’>

where m and n are fresh, and
et |m = Ax. (let y = returnx in throw ny {H,"}| z.return z),
L PR <7;(n [return y] | H{f‘> '
Let ’ be [l := (m,n)]. By Lemma B.8, it follows that
Mop V., /p.m/k] = Mop[V/p.1/k]
Note that Mop = Mop H, =H . Hy' = Hy5, and H” = H" hold since / does not

n 4 '’
appear in any of Mqp, H, H™, or H°PS. Finally, we conclude

n

C'~D',
witnessed by 7’. It is straightforward to check that Coh(6’,n’) and Inv(6’,7’,7’) hold,
where the freshness of [, m, and n gives (C1) and (C2).
Case (throw):
Suppose C = (throw [ V;8) and C’ = (with H handle H [returnV]; "), where 6(I) =

Ax. with H handle H [return x] and ¢’ def 6[! := nil]. By the definition of C ~ D, there
exist T and n such that D = <throw () vV, T>,

T(n(l)y) = Ax. <lety = returnx in thrown(/), y {H(,),ps}|z.return Z>,

and

r(n(1)2) = dv. (Hireturny] | H3).

Thus, D evaluates to

D' = <<(<MU)H?I>[ZU/Y]) {H?]PS}‘z.returnz>;T’>,
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where 7/ &' 7[n(1); := nil, 5(I), := nil]. Then, from Lemma B.8, we obtain

<(H[return y] n) Hﬁ;"> [V, /y] = <7{[return V] n’ H%e‘>.

Therefore, we conclude that
C’'~D’

witnessed by 7, since

with H handle # [return V] )= <<7{ [returnV] ]7‘ Hff‘> {H"}

Note that Coh(6’, n7) holds since Dom(6’) = Dom(6), and that Inv(6’, 7/, ) also holds.
Case (fail):
Suppose C = (throw![V;8), §(I) = nil, and C —>§ L. By the definition of C ~ D,
there exist 7 and 7 such that D = <thr0w n(l); ZU;T> and 7(n(/);) = nil. Hence, the
invocation of n(/); fails and D evaluates to L, which concludes the current case.

z.return z> .

O

Lemma B.10. K[M] , = K" (M 77] for an arbitrary evaluation context K and computation
M.

Proor. By straightforward induction on K. O

LemMmA B.11. Suppose that (M;0) ~ (N; 1) holds, and let n be a label map witnessing it,
sothat N = M i If M is decomposed into an evaluation context C and a redex M’, then N is
decomposed into the evaluation context C . and the redex M’ "

Proor. It is easy to check this by induction on the number of frames of C. Note that the
extended macro-translation maps frames to frames and redexes to redexes. O

ProrosiTioN B.12 (simuLATION). If C ~ D and C —g C’, then there exists a DELgpe
configuration D' such that D —§ D" and C' ~ D’.

Proor. Since C is not in normal form, there exist M and 6 such that C = (M;0), and
according to the semantics of EFF,,., M can be decomposed into an evaluation context
C and aredex M’: M = C[M’]. By the definition of C ~ D, there exist  and 7 such that
D = <MU; T> and both Coh(6, n) and Inv(6, 7,77) hold. By Lemma B.11, M, also can be
decomposed into C . and aredex M’ - namely M 0 = Q” M ,7].

If (M’;6) —>g 1, then we have C —g L. By Lemma B.9, <M77; T> also evaluates to L.
Hence, we conclude that <Q77 [Mn];r> —p L, thatis, D —p L.

Next, suppose (M'; 6) —>§ (M";6"). By LemmaB.9, we obtain <M’n; T> -5 <M_”,7,;T'>
and (M";0") ~ <M—Hn';TI> for some 0’, v/, and n’ with Coh(6’,n’) and Inv(¢’,7",7’).
Moreover, Qn = Qn/ holds since n’ is, by construction, an extension of 7, and the la-
bels in Dom(n") \ Dom(#n) are fresh and do not appear in C. Therefore, we conclude that

(C[M"],0"y ~ <C[M”]n,;7’> by Lemma B.10. O
To establish the strong macro-expressibility of EFF,,. in DEL,., we prove three lemmas.

LemmMma B.13. Suppose that Evalggy,, (M) diverges, i.e., the reduction sequence starting

one

from M is infinite. Then Evalpgr,,. (M) also diverges.
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Proor. By applying Proposition B.12 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of DEL, is deterministic, this implies that Evalpgr,, . (M )
also diverges. O

LemmMma B.14. Suppose that Evalgyr,,, (M) gets stuck: there exists a term M’ and a store 6
such that (M;0) —y (M’;6), M’ # returnV for any value V, and there is no rule that can
reduce (M’; 0). Then, Evalpgy,,. (M) also gets stuck.

Proor. It suffices to show the following statement:

Suppose that there exist M, N, 6, 7, and n such that N = M - that
WFgFF,,. ((M;0)), and that Coh(6,n) and Inv(6, 7,n) hold. If (M;6) is
stuck, then (N; 7) is also stuck.
We prove it by induction on the structure of M. However, we treat only five cases for brevity.
The other cases follow by similar reasoning.

Case 1:

M = case V of (x1,x0) — M’
Since (M ) is stuck, we know that V # (Vy, V;) for any values V; and V,. Consequently, V .
also cannot be of the form (W, W5) for any values W; and W,. Therefore, the configuration

<case Vof (xi,x0) » M ’77; T> is stuck, and this concludes the current case.
Case 2:

M = case V of {(inj, x; — M,);}
Since (M 0) is stuck, we know that V # inj; V’ for any variable label L of EFF,,. and
EFF . value V’. Then, by definition, Zn is also not a variant value. Thus the configuration

<M w T> is stuck, which concludes the case.
Case 3:

M = throw VW

It follows that V is not a continuation label, since if V = [ for some [/, then well-formedness
implies / € Dom(6), which contradicts the assumption that (throwV W;6) is stuck.
Therefore, Zn is also not a continuation label, so <M w ‘r> is also stuck.

Case 4:

M =letx = M; in M,

Since (M 0) is stuck, M| cannot be of the form return V for any value V. By the induction
hypothesis, we obtain that M; . is stuck and that M; " # return W for any value W.

Consequently, the configuration <let x=M . in M, . T> is also stuck, which completes

the current case.
Case 5:

M = with H handle M’
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By the definition of the translation, we obtain

N=((un,

Since (M 0) is stuck, M’ can be neither of the form /H [op V] nor of the form returnV
for any pure context H, operation symbol op, and value V. Then, it follows by induction
on M’ that M’ , can be neither of the form P [S¢k. N’] nor of the form return W, for any
pure context £, computation N’, and value W. Therefore, the configuration (N; 7) is also
stuck, and this completes the proof.

H;,et> {H%ps}‘z.return z>.

O

Lemma B.15. If Evalgpr,,, (M) reaches the error state L, ie., (M;0) —>E 1, then
Evalpgr,,,. (M) also reaches L.

Proor. This lemma directly follows from Proposition B.12. O

PropPosITION B.16 (PRESERVATION OF SEMANTICS). Evalgry,,. (M) is defined if and only if
Evalpgr,,. (M) is defined.

Proor. We first show the “only if”” direction. Suppose that (M;0) — (returnV;6) for
some . Lemma B.7 yields that (M; Q) ~ <M ; Q)>. By applying Proposition B.12 iteratively,
there exist 7 and 7 such that (M;0) —;) <return V., T>. This implies that Evalpgr,,. (M)
is defined. We then show the “if”” direction. We prove the contrapositive of the proposition: if
Evalgr,,. (M) is undefined, Evalpgr,,, (M) is also undefined. There are three cases where

Evalgpr,,. (M) is undefined: the evaluation of M (1) diverges, (2) gets stuck, or (3) reaches L.

In each case, Lemmas B.13, B.14, and B.15 imply that Evalpgr,,,, (M ) diverges, gets stuck, or
reaches L, respectively. Thus, Evalpgy,,. (M) is undefined, which completes the proof. O

B.2 From DEL,,. to EFF

As in Appendix B.1, we extend the macro-translation with 7, a partial function from labels in
DEL,,. to those in EFF ., by

L, =n(),
and derive the macro-translation on contexts K +— K” by mapping holes to holes.

Definition B.17. For any configurations of DEL,. and EFF,,., denoted by C and D,
C ~ D is defined to hold if and only if C = D = L, or there exist a DEL,.-computation
M, an EFF,,.-computation N, a DELp.-store 6, an EFF,.-store 7, and a partial function
such that the following conditions are satisfied:

(1) C = (M;6).
(2) D =(N;T).
G)N=M,.

(4) n(Dom(#)) € Dom(T).

(5) For any continuation label / appearing in M, 6({) is defined.

(6) For any continuation label / € Dom(6), if 8(/) = nil, then 7(5(/)) = nil. Otherwise,
there exists a pure context H of DEL,. such that

0(l) = Ay. (H|[return y]| x.N),

7(n(l)) = Ay. with {return x — N, shiftQpk — p!k} handle H[returny]n.
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We define that 6, 7, and 7 satisfy the invariant conditions (IC) if the conditions 4 through
6 in the definition are satisfied.
LemMma B.18.
(1) For any DELg.-computation M, (M;0) ~ <M; (D> holds.
(2) For any DELgyc-value V, (returnV;60) ~ (N; 1) implies that N = returnzn for
some 1.
Proor. By case analysis on M. O
LemmMA B.19. Suppose that a DELn.-computation M has the free variables x1, . .. xp,
then we have M[Vy/x1,. .., Vn/)cn]r7 =M, [ﬂn/xl, e ,ﬁn/xn]for any values Vy,...V,
and 1.

Proor. By straightforward induction on M. O

Lemma B.20. SupposethatC ~ D and C —>g C’, then there exists an EFF o configuration
D’ such that D —}, D" and C’ ~ D'.

Proor. We prove by case analysis on C —>€ C’. For the sake of brevity, we consider a few
non-trivial cases.
Case (shift):
Suppose that C = ((H[Sok. M]|x.N); ), [ is a fresh label in this configuration, and
C' = (M|l/k];0"), where 8’ def 0[1 = Ay. (H|[return y]|x.N)]. By the definition of
C ~ D, we have for some 1,
D = (with H handle 4, [shifco {1k M, }|:7),

where H = {return x — N, shift®@p k — p!k} and 0, 7, and 7 satisfy the IC.
D evaluates to the following configuration:

D" € (M, [mu/k]:T).

where 7/ &' 7[mpy := Ay. with H handle ?_{n [return y]] and my is a fresh label. Let ’
be n[l := my]. By Lemma B.19, we obtain
M, [mp /K] = MUK
Moreover, since m g is taken as a fresh label in D, we know that
Ay. with H handle H . [return y]
= Ay. with H handle H - [return y]
= Ay. with H handle H [return y] ”

and this implies that ', 7/, and ’ satisfy the IC.
Therefore, we conclude that

(MI1/K;0) ~ (M, [mu [K];7'),
which completes the current case.

Case (throw):
Suppose that C = (throw [ V;8), 8(I) = Ay. (H [return y]| x.N), and

C’ = ((H|[return V]| x.N); 0[] := nil]).
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By the definition of C ~ D, we obtain
D = <thr0wn(l) K”;T>,
for some 7 and 7 such that

7(n(l)) = Ay. with {return x — N, shiftQpk — p!k} handle H [return y]n,
where 6, 7, and 7 satisfy the IC.
D evaluates to

p ¥ <with {return x — N, shift®p k — p!k} handle ﬂn [returnz"] ;Tn(l) = nil]>
= <with {return x — N, shift®p k — p!k} handle H [return V]U;T[T](l) = nil]>.

It is trivial to check that 6[/ := nil], 7[n([) := nil], and 7 satisfy the IC. Therefore, we
obtain C’ ~ D’, and this completes the current case.
O

Lemma B.21. ‘K[M] , = K" [Mn] for an arbitrary context K and computation M.

Proor. By straightforward induction on K. O

Lemma B.22. If (M;0) ~ (N; ) and M can be decomposed into an evaluation context C
and a redex M’, then there exist some n such that N = M , can be also decomposed into an
evaluation context C . and a redex M’ "

Proor. It is easy to check this by induction on the number of frames of C. Note that the
extended macro-translation maps frames to frames and redexes to redexes. O

ProposITION B.23 (SIMULATION). Suppose that C ~ D and C —yp C’, then there exists an
EFF,ye configuration D' such that D —§, D" and C" ~ D'.

Proor. Since C is not in normal form, there exist M and 6 such that C = (M;0) and
according to the semantics of DEL,., M can be decomposed into an evaluation context C
and a redex M’. By the definition of C ~ D, there exist  and 7 such that D = <M " T>, and
0, T, and 7 satisfy the IC. By Lemma B.22, M , can also be decomposed into C " and a redex

M’ _, namely M, = Qn [M’”].

—_—n’

If (M’ 0) —>€ 1, then we have C —p L. By Lemma B.20, <M’ ’T> also evaluates to L.

_7]’
Hence, we conclude that <Qn [Mn] ; ‘r> —>E 1, thatis, D —>E 1.

Next, suppose (M’;6) —>f) (M";6). By Lemma B.20, we obtain <M’";‘r> -5
<M_",7,;T’> and (M";0") ~ <M_”n,;7">, where 6’, 7/, and n’ satisfy the IC. Moreover,
C = C ” holds since the labels in Dom(n’) \ Dom(n) are fresh and do not appear in C.

Therefore, we conclude that {C[M"'];6’) ~ <C[M"] ,;T’> by Lemma B.21. O

—7
To establish the strong macro-expressibility of EFF ;. in DEL;., we prove four lemmas.

LemMma B.24. We say a DEL . -configuration (M ; 8) is well-formed if for any continuation
label | that appears in M, 0(1) is defined, and this property is preserved under reduction.

Proor. By straightforward case analysis on M. O
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Lemma B.25. Suppose that Evalpgy, . (M) diverges, i.e., the reduction sequence of M is

one

infinite. Then Evalggy,,. (M) also diverges.

Proor. By applying Proposition B.23 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of EFF . is deterministic, this implies that Evalggr,,, (M )

also diverges. O

LemMa B.26. Suppose that Evalpgy,,,. (M) gets stuck: there exists a term M’ and a store

6 such that (M;0) —p, (M’;0), M’ # returnV for any value V, and there is no rule that
can reduce (M'; 0). Then, Evalggr,,. (M) also gets stuck.

Proor. It suffices to show the following statement:
Suppose that there exist M, N, 6, 7, and n such that N = M”, (M; 0) is
well-formed, and 0, 7, and 7 satisfy the IC. If (M 6) is stuck, then (N; 7) is
also stuck.
We prove by induction on the structure of M. However, we treat only four cases. The other

cases follow by similar reasoning.
Case 1:

M = case V of (x1,x0) —» M’
Since (M ; 0) is stuck, we know that V # (V1, V;) for any values V| and V,. Consequently, Zn
also cannot be of the form (W, W) for any values W and W,. Therefore, the configuration

<case V of (x1,x) — M’ ;1) is stuck, and this concludes the current case.
n
Case 2:

M = throwV W

It follows that V # [ for any continuation label [, since if V = [ for some [/, then by the

well-formedness of (throw V W; 8), we know that [ € Dom(8). However, this contradicts

the assumption that (throwV W;6) is stuck. This implies that K" is not an EFF,.

continuation label and so throw V Wn is also stuck, which concludes the current case.
Case 3:

M EletXZMl iIlM2
Since (M;0) is stuck, M| cannot be of the form returnV for any value V. By the
induction hypothesis, we obtain that N is stuck and that Ny # return W for any value W.
Consequently, the configuration <let x=Nyin M, . T> is also stuck, which completes

the current case.
Case 4:

M = (M| x.M>)
By the definition of the translation, we obtain
N = with {return x — @n’ shift®p k — p!k} handle %77'

Since (M 0) is stuck, M| cannot be of the form H[Sgk. L] or of the form returnV for
any pure context #, computation L, and value V. Then, it follows by induction on M| that
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% " cannot be of the form # [op W] or of the form return W, for any pure context £, and
value W. Therefore, the configuration (V; 7) is also stuck, and this completes the current
case.

O

Lemma B.27. If EvalpgL,, (M) reaches the error state L, i.e., (M;0) —] 1, then

Evalggr,,. (M) also reaches L.
Proor. This lemma directly follows from Proposition B.23. O

CoROLLARY B.28 (PRESERVATION OF SEMANTICS). Evalpgr,, (M) is defined if and only if
Evalggr,,. (M) is defined.

Proor. We first show the “only if” direction. Suppose that (M;0) —{ (returnV;6)
for some 6. Lemma B.18 yields that (M;0) ~ (M;0). By applying Proposition B.23
iteratively, there exists 7 and 7 such that <M ; (Z)> —>E <return Zr]; T>. This implies that
Evalggr,,. (M) = V. We then show the “if” direction. We prove the contrapositive of the

proposition: if Evalpgy,,,. (M) is undefined, Evalggy,,. (M) is also undefined. There are three

one

cases where Evalpgy,. . (M) is undefined: the evaluation of M (1) diverges, (2) gets stuck, or

one

(3) reaches L. In each case, Lemmas B.25, B.26, and B.27 imply that Evalggr,,, (M) also

diverges, gets stuck, or reaches L, respectively. Thus, Evalggr,,, (M ) is undefined, which

completes the proof. O

C Supplementary proofs for Section 5.1

In this section, we give a proof of Theorem 5.1 and Theorem 5.3.

C.1 Proof of Theorem 5.1
C.1.1 Lemmas
Definition C.1. For a DEL, term E, let Lab(E) be the set of continuation labels occurring
in E. For a store 0, let
Lab(6) €' Dom(6) U g Lab(6(1)).
leDom(6),0(1)+nil
For a configuration (M; ), let Lab({(M; 6)) = Lab(M) U Lab(0).
Definition C.2. For a DEL, term E and a store 6, define Reach(E, 8) to be the smallest
subset of Dom(6) such that:

e if [ € Lab(E) N Dom(6), then [ € Reach(E, 6);
e if [ € Reach(E, 0) and 6(l) = K # nil, then every label in Lab(K) N Dom(#) also
belongs to Reach(E, 6).

Definition C.3. For a set S of labels, write
056

if, for every [ € §, either 6’ (1) = 6(I) # nil or 8’ (/) = nil. In other words, restricted on S, 6’
is obtained from 6 by possibly invalidating some entries. Note that =g is transitive given a
fixed set S.

Lemma C4. Suppose (M;6) —y (M';0") and let S &ef Reach(M, 0). Then,
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(1) 0 =5 0';
(2) Reach(M,0’) C S.

Proor. By induction on the length of the reduction sequence. For the base case, there is
nothing to prove. For the inductive step, assume

(M;0) =1, (Mo; 6p) —p (M';6").

By the induction hypothesis, we obtain

e 0 zs 6o;
e Reach(M, 6y) C S.
We conduct case analysis on the rule applied in (My; 8g) —p (M’;6’).
Cases (MAM) and (ret):
These rules do not change the store, so the consequences trivially hold.
Case (shift):
In this case, a fresh label [ is taken and bound in the store: 6’ equals 0y[/ — K] for
some K. (1) trivially holds.!® I does not occur in M, so [ is not reachable from M. Thus
[ ¢ Reach(M, 6’) and Reach(M, 8”) = Reach(M, 6y) C S.
Case (throw):
This rule invalidates a label [ in Dom(68y): 68’ = 6y[! + nil]. Thus, (1) trivially holds.
We shall prove Reach(M, 8”) C Reach(M, ) by induction on the well-founded relation
on Reach(M, §”) induced from reachability. Let m € Reach(M, 6’). Then, there are two
possible cases:

1. m € Lab(M) N Dom(6’), or
2. there exists alabel m’ € Reach(M, 8) such that 8’ (m’) # nil and m € Lab(8’(m’)) N
Dom(6’).

For case 1, m also belongs to Dom(6y) since Dom(6’) = Dom(6p). Thus, m €
Reach(M, 6y). For case 2, 0’ (m') # nil implies m’ # [, so 6’(m’) = 6o(m”) # nil. Thus
m € Lab(6y(m’)) N Dom(60y), and with the induction hypothesis that m’ € Reach(M, 6y),
we obtain m € Reach(M, ).

Therefore, Reach(M, §”) C Reach(M, 6p) C S holds.

This completes the proof. O

Definition C.5. A finite permutation r of continuation labels is a bijection on .%p whose

support Supp(n) &ef {l € % | n(l) # [} is finite. It acts on values and computations by
renaming labels using . We write the action as & - E where E is a value or computation. For
a store 0, we define the action 7 - 6 by

def

(m-0)(1) = 7 (0(x~ (D)),
provided 77! (1) € Dom(6).

Lemma C.6. Let 0 and 0’ be DELy stores, S is a subset of Dom(6) N Dom(6’), and M
be a computation. Assume there exist a DEL. value V and a store o’ such that

0 s 0, Reach(M,0)CS, and (M;0") —p (returnV;o’).

19Note that g is transitive.
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Then, there exist a store o~ and a finite permutation © with nt|s = id such that
(M;0) -1, (return (7 -V);0).
Proor. Fix the reduction sequence starting from (M; 6’):
(M;0"y=Cy —p Ci =>p - —p - —p Cp = (returnV; o),

with C; = (M;; 6;). By induction on i < n, we construct a reduction sequence

(M;60) = Co —p Ci —p - —p C;,
with C; = (M;; 6;), finite subsets F;, F; of 4p, and bijections
piZSUFi—>SUFi

such that p;|s = id and
(1) M; = p; - M;;
(2) forevery [ € SU F;, if 6;(1) # nil, then 8;(p; (1)) = p; - 6;(1).°
Fori = 0, take Fy = Fo = 0 and pg = ids. Then, My = po- M = M. If [ € S and
0’ (1) #nil, 0 =g 0’ implies 8(1) = 6’().
Now assume we have constructed a reduction sequence of length i, finite sets F; and F;,
and bijections p; up to i. We conduct case analysis on the step C; —p Cj.1.
Cases (MAM) and (ret):

In these cases, the next step is determined by the shape of the current computation.
Since M; = p; - M;, the same rule is applied to it, with the store §; unchanged. Thus,
(Mis1:0i41) def {(pi - Mis130;). It is straightforward to check that the side condition is
preserved.

Case (shift):
Assume the reduction C; —p C;y 1S

((H[Sok. M]|x.N); 6;) —p (M[l/k];0;[l — Ay. (H[returny]|x.N)]),

where [ is a fresh label. Then, C; has the same redex modulo the renaming by p;, so
the same rule is applied to it, creating a fresh label I’. Here, we define Fj.| &ef F; U{l},
Fin @ Fu {I'}, and pj4 e pi[l — I’]. The content of I’ in the updated store is p; - 6; (1),
which equals p;41 - 6;(1) since I does not occur inside 6;(l). So the side condition is
preserved.
Case (throw):
Assume the reduction C; —p C;y1 1S

(throw [ V; 0) —p ((H[return V]| x.N);0[l > nil]),
where 6(1) = Ay. (H[return y]|x.N). If [ occurs inside M, then Lemma C.4 implies
I € Reach(M, 0;) C Reach(M,0’) C S.

Otherwise, we get [ € F; by construction. In either case, p;(!) is defined, and the side
condition on the i-th step implies that

0;(pi(1)) = pi - 6:(1).

20Note that p; naturally extends to a finite permutation by p; (1) e ify ¢ SUF;.
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Thus, C; has the same redex modulo the renaming by p;, and we obtain M;,| = p;- M;,| and
;41 = 0;[p(1) > nil]. It is straightforward to check that the side condition is preserved.
Case (fail):
This case is impossible.
Finally, we obtain M,, = p, - returnV = return(p, - V) and p;|s = id, which is the
desired result. ]

Lemma C.7. If (let x = M in N; 0) —, (returnV;0"), then there exist a value V' and a
store 0" such that (M; 0) —y, (retarnV’;0") and (N[V'/x];0") —}, (returnV;6"”).

Proor. By induction on the length of the reduction sequence. Since the frame let x =
[ ] in N contains no dollar frame, redexes for the (shift) rule can occur only within M. The
frame is preserved until M becomes return V’, as the only rule that can consume the frame
is (F). O

C.1.2  Proof of Theorem 5.1

Let
oY (Ax. x!x) {Ax. x!x},
and define
case (x,y) of {
def | (imj _, injg _) > return ()
App(x,y) = .
_—Q
}
Consider the REF program

let r = createinj, () in
let i = get r in
M et _=set rinjg () in

let j = get r in

Aas (i, J)
In REF, the first get returns inj, () and the second get returns injg (), and therefore
Evalgrgy(M.) is defined.

Suppose that there exists a weak macro-translation - from REF to DEL.. Then, since -

acts homomorphically on MAM constructors, the translation M has the shape

let r = create (inj, ()) in

leti = g_etr in

let _ = set7 (injg ()) in

let k = getr in

Aa (i, k)
and % contains no continuation label. Since Evalggr (M. ) is defined, so is Evalpgr,,,, (% ):
there exists a store 6 such that

<%; (Z)> - (return (); 6).

Apply Lemma C.7 repeatedly to this reduction sequence. Then there exist values
X, Vy, W, V, and stores 0g, 61, 02, 63 such that

(create (inj, ()); 0) —7, (return X; 6,),



Expressive power of one-shot control operators and coroutines 73

<g_etX;90> 3 (returnV;;6,), (12)
(setX (injg ()); 61 ) —p) (return W; 6,),
<g_etX;02> —p (returnVy; 63), (13)

and moreover the evaluation of Aa g(V1, V2) terminates successfully. Thus, V| = inj, V| and
V2 = injg V; for some values V| and V.
By applying Lemma C.4, we obtain

O =s 01 =5 02,

where S & Reach(get X, 6y) = Reach(X, 6)) (note that the fixed syntactic abstraction get
does not contain any continuation labels), and

S 2 Reach(X, 6,).
Thus, by applying Lemma C.6 to (12) and (13), we obtain
<g_etX; 80> —p (7 - return Va; 0y)),
for some finite permutation 7 and a store . The determinism of the reduction implies
Vi=n-V,.
Since finite permutations acts homomorphically on constructors other than continuation
labels, we obtain
Vi=n-V,
=m-injgV,
= inji, (7 - V3),
which is a contradiction since V; is of form inj, Vf- Therefore, there is no weak macro-
translation from REF to DEL .

C.2 Proof of Theorem 5.3

We extend the translation M +— M by introducing a partial function 7, which maps reference
cells onto coroutine labels, as follows:

def
1, = n(l).

Definition C.8. A binary relation (M;0) ~ (N; 1) is defined to hold if and only if there
exists 77 such that the following conditions are satisfied:
(HN=M,
(2) n is injective
(3) n(Dom(6)) € Dom(t)
(4) For any [ € Dom(6), if (1) =V, then

T(n(l)) = {/lx let y = returnx in loop!z" y}.

We define 6, 7, and 7 satisfy the invariant conditions (IC) if the conditions 2 through 4 in
the definition are fulfilled.
We prove the following important property of loop:
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LemMma C.9. For any AC store 6 and value V,

Af.As.da. case a of{
(loop! V3 0) =3¢ injg, _— lety =yieldsin f!sy YoopV;0
injg, v lety = yield () in f!vy}

Proor. By straightforward calculation. O
Next, we establish a substitution property for the translation.

Lemma C.10. Suppose that a REF-computation M has free variables x1, . . . x,,. Then for
any values Vi, ...V, and label map n, the following equality holds:

M[Vl/xl, .- ,Vn/xn]q = Mﬂ[ﬂn/xl’ cee ’ﬁﬂ/x”].

Proor. By induction on M. O

Lemma C.11. Suppose that C ~ D and C —>§ C’, then there exists a DELy,. configuration
D’ such that D —J, D" and C" ~ D’.

Proor. We prove by case analysis on C —>§ C’. For brevity, we focus on the reduction
rules specific to REF.
Case (create):
Suppose that C = (create V;6) and C’ = (return/; 6[/ := V]) for a fresh label /. By
the definition of C ~ D, there exists 1 such that

D = <create {/lx. let y = returnx in loop! Zn y}; T>.

The configuration D evaluates to D’ = <return I, T[l’ = {/lx. let y = returnx in loop! v, y}] >
Let n” be n[l := I’]. By Lemma C.10, we have return/’ = return/ e Therefore, we
conclude that

(returnl; 0[[ :=V]) ~ <returnln,;‘r[l’ = {/lx. let y = returnx in loop!zn, y}]>

Note that V does not contain / since [ is a fresh label and the updated stores and 1" satisfy
the IC.
Case (set):
Suppose that C = (set [ V;0) and C’ = (return ();0[/ := V]) for some [ € Dom(6).
By the definition of C ~ D, there exists 1 such that

D = <resume (n(0)) (ianet Zﬂ);r>

and

T(n(l)) = {/lx. let y = returnx in loop!@l7 y}.

The reduction of D proceeds as follows:
D = <resume (n(D) (injsmzn);r>
—AC <(n(l)) : ({/lx. let y = returnx in loop!@ny}! (ianetzn));T[(n(l)) = nil]>

~ic {0 < (to0p 60), (imfse V., ) )7L r(1)) == i)
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Af.As.Aa. case a of{
injg, _—lety=yieldsin f!sy !
A : . e st
~ac | (D) injg,, v - let y = yield () in f!vy} 2[(n(D) := nil]

loop 61 (injse V)
case (injset Zn) of {
—ic { )| injgy — o lety = yield0(1) i looplé(D) v [TL(n(D)) := nil]
injg, v = let y = yield () in loop!v y}
—ac (D) : (let y = yield ) in loop! V, y); T G7(D) := mil] )
—AC <return Ostl(n(D) = {/lx. let y = returnx in looplzn y}]>
Therefore, we obtain

C' ~ <return Ostl(n(D)) = {/lx. let y = returnx in looplzl7 y}]>,

since the updated stores and 7 satisfy the IC.

Case (get):
Suppose that C = (get [;0) and C’ = (returnV;6), where [ € Dom(6) and 6(/) = V.
By the definition of C ~ D, there exists 1 such that
D = (resume (1(1)) (injge ()); 7)
and
T(n(l)) = {/lx. let y = returnx in loop!@n y}.

The reduction of D proceeds as follows:
D = (resume (1(1)) (injge ()); 7)

SAC <(n(l)) : ({/lx. let y = returnx in loop!@"y}! (injgeq ()));‘r[(n(l)) = nil]>

=k ()« (loopt0), (imjcer 0)): 7L(n(1)) := mill )

Af.As.Aa. case a of{
injgo —+—lety=yieldsin f!sy !
injg, v — let y = yield () in f!vy}
loop 61, (ince ()

—ac ( @) : ;t[(n(1)) = nil]

case (injg ()) of{
—1ic ( (n(D): injg, _—lety= yield@r7 in loop!@r7 y i7[(n(D) = nil]
injg, v > let y = yield () in loop! v y}

—ac (1) : (lety = 6(), inloop!0(), ¥):7[(n(1)) := nil] )
—AC <return@n;r[(77(l)) = {/lx. let y = returnx in loop!@y}y}w
Therefore, we obtain
C ~ <return@";~r[(n(1)) = {/lx. let y = returnx in loop!@n y}]>,

since the updated stores and 7 satisfy the IC.
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We define a macro-translation on contexts by mapping holes to holes and let Kn denote
the translation of a context K.

Lemma C.12. ‘K[M] . ‘]_(" (M ,7] for an arbitrary context K and computation M.

Proor. By straightforward induction on K. O

LemMma C.13. If (M;8) ~ (N; 1) and M can be decomposed into an evaluation context C
and a redex M’, then there exists some 1 for which N = M , can be also decomposed into an
evaluation context C " and a redex M’ such that N = C [M'] .

Proor. Itis easy to check this by induction on the number of frames of C. Observe that
the extended macro-translation maps frames to frames and redexes to redexes. O

ProposiTion C.14 (SIMULATION). Suppose that C ~ D and C —g C’, then there exists a
AC configuration D’ such that D — . D" and C’ ~ D'.

Proor. By the definition of C ~ D, there exist M, 6, 7, and 5 such that C = (M;0),
D = <M T> and 6, 7, and 5 satisfy the IC. Since C is not in normal form, M can be

n’
decomposed into an evaluation context C and a redex M’. By Lemma C.13, M ; can also be
decomposed into C . and aredex M’ - namely, M n = Q" [M 77]'

Now, suppose (M’; ) —>§ (M";6"). By Lemma C.11, there exist ” and 7’ such that
<M";T> _’Xc <M_//",;TI>, (M";6"y ~ <M_”]7,;T’>, and 6’, 7/, and 7’ satisfy the IC.
Moreover, C =C, " holds since the labels in Dom(n’) \ Dom(#) are fresh and do not appear
in C. Hence, we conclude that (C[M"'];60’) ~ < [M”] > by Lemma C.12. O

Lemma C.15. For any REF-computation M, (M ;) ~ <M; (Z)> holds.
Proor. By induction on M. O

LemMma C.16. We say a REF-configuration (M 0) is well-formed if for any reference cell
[ that appears in M, 6(l) is defined. This property is preserved under reduction.

Proor. By straightforward case analysis on M. O

Lemma C.17. Suppose that Evalggr (M) diverges, i.e., the reduction sequence of M is
infinite. Then Evalac (M) also diverges.

Proor. By applying Theorem C.14 repeatedly, we also obtain an infinite reduction
sequence of M. Since the reduction of AC is deterministic, this implies that Evalac (M) also
diverges. O

Lemma C.18. Suppose that Evalggr (M) gets stuck: there exists a term M’ and a store 0
such that (M; 0) —¢ (M’;0), M’ # returnV for any value V, and there is no rule that can
reduce (M’; 0). Then, Evalac (M) also gets stuck.

Proor. It suffices to show the following statement:
Suppose that there exist M, N, 6, 7, and n such that N = Mn’ (M;0) is
well-formed, and 6, 7, and 7 satisfy the IC. If (M 0) is stuck, then (N; ) is
also be stuck.
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We prove by induction on the structure of M. However, we treat only three cases. The other
cases follow by similar reasoning.
Case 1:

M = caseV of (x1,x0) — M’

Since the (M 0) is stuck, we know that V # (V1, V,) for any values V; and V,. Consequently,
Kn also cannot be of the form (W, W,) for any values W; and W,. Therefore, the

configuration <case Vof (x;,x0) » M ;T> is stuck, and this concludes the current case.
n
Case 2:

M=setVW

It follows that V # [ for any continuation label /, since if V = [ for some /, then by the
well-formedness of (throw V W, 0), we know that / € Dom(6). However, this contradicts
that (throw V W; 0) is stuck. This implies that set V Wn is also stuck, which concludes

the current case.
Case 3:

M EletXZMl illMZ
Since (M;0) is stuck, M; cannot be of the form returnV for any value V. By the
induction hypothesis, we obtain that N is stuck and that Ny # return W for any value W.
Consequently, the configuration <let x=N;in @ "; T> is also stuck, which completes

the current case.
O

We now prove Theorem 5.3.

ProoF oF THEOREM 5.3. We prove that Evalggp (M) is defined if and only if Evalc (M ) is
defined and show the “only if” direction first. Suppose that (M; @) —5 (returnV: @) for some
6. By Lemma C.15, we obtain (M; 0) ~ <M ; (Z)>. By repeatedly applying Proposition C.14, it
follows that there exist 7 and 7 such that

(M;0) =% <return V., T> .

Therefore, Evalac (M) is defined.

Next, we prove the contrapositive of the “if” direction. There are two cases where
Evalggr(M) is undefined: the evaluation of M (1) diverges, or (2) gets stuck. In each case,
Lemmas C.17 and C.18 imply that Evalsc (M) also diverges or gets stuck, respectively. Thus,
Evalac (M) is undefined, which completes the proof.

O

D Supplementary proofs for Section 5.2

In this section, we give the proof of Theorem 5.5.

LemMma D.1. If a REF configuration (M 0) diverges,”' then for every REF evaluation
context &, (E[M]; 0) also diverges.

21'We say that a configuration C diverges when the maximal reduction sequence starting from C is infinite.
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Proor. By induction on the structure of &. The base case is trivial. Let ¥ be the outermost
frame of & and &’ be the inner evaluation context. By the induction hypothesis, there exists
the maximal reduction sequence

(&'[M];0) =Cop —r C1 >R C2 =R -~ .
By the definition of the reduction, each step
Ci = (M;;0;) =R Civ1 = (Miy1;0i41)
induces the step
(F[M;];0;) —=r (F[Mis1];0ir1).
Thus, we obtain an infinite reduction sequence
(E[M];6) =(F[E[M]];0) —Rr (F[Mi]:61) =R -+ .
Since the reduction is deterministic, (E[M]; 6) diverges. O

Lemma D.2. In REF, for any evaluation context &, computation M, and store 0, the
evaluation of (E[let _ = M in Q]; 0) does not terminate successfully. In particular, the
evaluation gets stuck at the configuration of the form (E[let _ = M, in Q]; 0y) for some
computation My and store 6y, or diverges.

def
Proor. Let L = let
terminates successfully. Then, there exist a value V and a store 8’ such that

(E[L[M]];0) >k (returnV;0").

= [ ] in Q. Suppose the evaluation of the given configuration

Here, we use the following lemma, which can be easily checked.

LemMma D.3. Given an arbitrary evaluation context C and a store T, and suppose
(CILIM]L; ) —r (P T)
is a REF reduction. Then one of the following two cases holds.
(1) The step is performed inside M.
(2) The let-frame L is eliminated: there exists a value W such that

M = return W,

and

(C[L[return W]];7) —Rr (C[Q]; T).

By this lemma, as long as the let-frame £ has not been eliminated, each reduction step can
only occur inside M. Since the final configuration no longer contains the let-frame, there
must be a step where it is eliminated. Hence, for some evaluation context &, value W, and
store 6o, the sequence is of the form

(E[L[M]]:0) =g (Eo[Llreturn W]]; 6p) —r (E0[L]: 00).

However, Q diverges, and by Lemma D.1, (Ey[Q]; 8p) also diverges. Since the reduction
is deterministic, this implies that the unique maximal reduction sequence starting from
(E[L[M]]; ) is infinite. This contradicts the assumption that reducing (E[ L[M]]; 8) yields
a finite reduction sequence to a return configuration.
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Therefore, the evaluation cannot reach a return configuration. In particular, the evaluation

either diverges, or reaches a stuck configuration of the form (E[let _ = My in Q]; 6y) for
some computation M, and store 6. O
def

ProrositioN D.4. Let £ = let _ = [ | in Q. For any REF computations M and N, the
thunks {L[M]} and { L|N]} are observationally equivalent. That is, for every context C
that expects a value, Evalggr (C[{L[M]})) is defined if and only if Evalger(C[{L[N]}])
is defined.

We show this proposition by proving a lock-step simulation. The idea is that { L[ M]} and
{L[N]} are values, and thus they are copied around by substitution during a reduction; the
only step that can reveal the difference between them is the one that forces them, and such a
step leads to a configuration whose evaluation never terminates successfully by Lemma D.2.

Definition D.5. We define the relation ~ on REF values and on REF computations as the
least pair of relations closed under the following two rules:
(S1) {L[M]} ~ {L[N]} for any REF computations M and N;
(S2) for every n-ary constructor F of REF and terms P;,...,P, and Q1,...,Q, with
P; ~ Q; for each i,

F(Pi,....,Pp) ~F(Q1,...,0n)-

We extend ~ to (general) contexts by regarding the hole as a nullary constructor, to stores by
letting 6 ~ 7 hold if and only if Dom(6) = Dom(7) and 6(/) ~ 7(l) for every [ € Dom(6),
and to configurations by letting (M; 0) ~ (N; 7) hold if and only if M ~ N and 6 ~ 7.

Note that ~ is reflexive, since the nullary constructors—variables, the unit value, and
reference cells—are related to themselves by (S2), and that ~ is symmetric, since (S1) is
imposed for every pair of computations.

LemMmA D.6. The following statements hold.

(1) If M ~ N, then M and N have the same outermost constructor, and their corresponding
immediate subterms are related by ~. The same holds for V.~ W whenever V is not a
thunk; in particular, a value related to a reference cell l is [ itself.

(2) If M ~N andV ~ W, then M[V [x] ~ N[W/x], and likewise for values.

(3) If C ~ C’ and P ~ Q, where P and Q are terms of the sort that the holes expect, then
C[P] ~C'[Q].

Proor. (1) Since Rule (S1) relates only thunks, any other related pair must be derived by
(S2). Thus (1) holds.

(2) By induction on the derivation of M ~ N. The case of (S2) is immediate from the
induction hypothesis. In the case of (S1), since Q contains no free variables,

{LIMo]}[V/x] = {LIMo[V/x]]} and {L[No]}[W/x] = {L[No[W/x]]},

and these two are again related by (S1).

(3) By induction on the derivation of C ~ C’. The case of (S2) is immediate from the
induction hypothesis. The base case is either the one where both contexts are the hole, which
is immediate, or the one where (S1) is applied. In the latter case, we have C = {L[Cy]}
and C’ = {L [C(;]} for some contexts Cyp and C;; then C[P] and C’[Q] are again related by
(S1). O
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LemMA D.7. Suppose M ~ N and M = E[R], where & is an evaluation context and R is
a redex. Then N = &’ [R’] for some evaluation context & and redex R’ such that & ~ &',
R ~ R’, and R and R’ are redexes of the same rule.

Proor. By induction on &. In the base case, M = R, and we take &’ def []and R def N.
That R’ is a redex of the same rule as R follows from Lemma D.6(1): for instance, if R = V!
with V = {M,}, then R” = W! with V ~ W, and W is again a thunk since a value related to a
thunk is a thunk by either rule; if R = case V of {(inj., x; — M;);} with V = inj;, Vo, then
R’ is a variant matching against inj;, Wy and whose branches are indexed by the same labels,
so that the same branch is selected; and if R = get [, then R’ = get /.

In the induction step, & = F[&”'[ ]] for a frame ¥, and Lemma D.6(1) gives N = F'[N”’]
with & ~ F’ and &”[R] ~ N, to which we apply the induction hypothesis. Thus, there
exist some evaluation context & and redex R’ such that N” = &'[R’], & ~ &', R ~ R,
and R and R’ are redexes of the same rule. It is immediate to check F[E"[ ]] ~ F'[&'[ 1].
Since the decomposition of a computation into an evaluation context and a redex is unique,
F[E’[R’]] is the unique decomposition of N. O

LemMMA D.8 (SIMULATION). Suppose (M;0) ~ (N;7) and (M;0) —gr (M’;0’). Then one
of the following two statements holds.

(1) There exist a computation N’ and a store T’ such that (N;7) —r (N’;7’) and
(M’";80")y ~(N";1").

(2) M’ = E[ L[ My]] for some evaluation context & and computation My. In this case,
the evaluation of (M’;6") does not terminate successfully by Lemma D.2.

Proor. Let M = &[R] be the decomposition of M into an evaluation context and a redex.
By Lemma D.7, N = E’[R’] with & ~ & and R ~ R’, where R and R’ are redexes of the
same rule. Since & ~ &', when we prove (1), it suffices by Lemma D.6(3) to relate the two
computations plugging the hole in order to relate the resulting configurations. We proceed by
case analysis on this rule, showing the representative cases only.

e Case (U). Here, we have R = {M;}!and R’ = {N,}!. If {M} ~ {N,} is derived by
(S2), then M| ~ Ny, and hence (N; 1) —g (E'[N1]; T) with E[M;] ~ E'[Ny]; thus
(1) holds. Otherwise, it is derived by (S1), so M| = L[M,] for some computation
My, and therefore M’ = &[ L[ Mpy]]; thus (2) holds. This is the only case where (2)
arises.

e Case (F). Here, we have R = let x = returnV in M| and R’ = let x =
returnW in N, with V ~ W and M|, ~ N;. By Lemma D.6(2), we have
M[V/x] ~ Ni[W/x], and hence E[M [V /x]] ~ & [N1[W/x]]. Since the stores
are unchanged, (1) holds. The cases (Xx), (+), (—), and (&) are analogous.

e Case (create). Here, we have R = createV and R’ = create W with V ~ W.
Since Dom(6) = Dom(7), the same fresh label [ is chosen in both reductions, and
0[l := V] ~ t[l := W] holds.

o Case (get). Here, we have R = get / and R’ = get /[ by Lemma D.6(1). Since
Dom(6) = Dom(7), the side condition of the rule is satisfied on both sides, and
0(1) ~ t(l) yields E[return 6(I)] ~ &' [return 7(/)]. The case (set) is analogous.

Thus, we are done. O
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Proor oF ProposiTioN D.4. Here C ranges over the contexts such that both C[{L[M]}]
and C[{L[N]}] are REF programs. Since ~ is symmetric, it suffices to show the “only if”
direction.

We first show the following statement by induction on n: if (M;;60;) ~ (N;;711) and
(My;6,) —g (returnV; 6),> then (Ny; 1) —g (return W; r) for some value W and store
7.If n = 0, then M| = returnV, and by Lemma D.6(1), we have N = return W for some
value W.If n > 0, let (M1;01) —Rr <M ’. 0’l> be the first step of the given reduction sequence,
and we then apply Lemma D.8. Its case (2) cannot occur, since the evaluation of <M 1 91>
does terminate successfully by the assumption <M 1 6)'1> —>§_1 (return V; 0). Hence its case
(1) applies, and the induction hypothesis yields the desired reduction sequence.

Now suppose that Evalger(C[{£L[M]}]) is defined. By (S1), the reflexivity of ~, and
Lemma D.6(3), we have

(CH{LIM]}];0) ~ (C[{LIN]}]: 0),
and therefore the above statement implies that Evalggr(C[{L[N]}]) is defined. O

Proor or THEOREM 5.5. Consider the following two DEL,. computations:

M {{£L[Sok. return (inj., ())]}!|x.returnx) (i =1,2),

where £ % (let _=[]in Q).
Lemma D.9. Evalpg,,, (({let _ = Sok. return (inj;, ()) in Q}!| x.returnx)) = injy_ ().
Proor. By routine calculation. O

In DEL,., these results can be distinguished by the following context D;:

letr=[]in
case r of {
def . .
D; = inj, . _ — return () |
_Q

}
Note that 9; consists only of MAM constructs; thus any weak macro-translation preserves it
homomorphically.
Suppose that there exists a weak macro-translation from DEL,,. to REF. Then, the
translation M; can be written as

Agottar,x ({ L [Ashifeo,x (return (inj; ()))]}!, returnx),

where Agollar,x and Agpifio,x are fixed general contexts corresponding to the translation of a
source dollar which binds x in its additional part and a source shift0 which binds k in its body,
respectively. Let C denote the context Agoiar,x ([ ]!, returnx) and N; be the computation
L[ﬂshiftoyk(return (injy, ()))]; then, M; can be written as C[{N;}]. By Lemma D.2, the
evaluation of N; under any evaluation context and any store does not terminate successfully.

LemMma D.10. Evalggr (%) is defined, and it is of the form inj, V; for some REF value

22C =™ D means that C is reduced to D in exactly n-steps.
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Proor. By Lemma D.9, both Evalpgy, . (M;) and Evalpgy, . _(D;[M;]) are defined. Since

- is a weak macro-translation, both Evalrgr % ) and Evalggr| D; [Mi]) are defined. Since
D; is a MAM context, and - is homomorphic on MAM constructs,

Di[M;] = D;[M;].

Thus Evalggr (Z)i (M ]) is defined, which implies that Evalggg (% ) is of the form injy_ V;
for some REF value V;. O

Thus, the evaluation of C[{N;}] and C[{N:}] yields inj; , V} and inj; , V2, respectively, so
{N1} and {N,} are observationally inequivalent. However, this contradicts Proposition D.4.
Therefore, there is no weak macro-translation from DEL,. to REF. O
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